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The third author

Thank you Bruno :
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Basic field

Let K be a p-adic field (i.e. a complete extension of Q, )

1
and let normalize the valuationon K by |p|=—.
p

We will say algebra for K-algebra.
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T-adic algebras

A t-adic algebra BT is an algebra for which there is a family
{(BT, I.ll7), 7 > 1} of Banach algebras such that :
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T-adic algebras

A t-adic algebra BT is an algebra for which there is a family
{(BT, I.ll7), 7 > 1} of Banach algebras such that :

Q@ B, OB for <7, BT:UT>1BT,
@ for be B, t+ ||b||¢ is increasing and log-convex on [1,7],
and each B, isdensein By for |.|1,

@ the “Gauss norm” |[.|[1 is multiplicative.

BT is endowed with an £F-topology as inductive limit of the B, ,
it is also endowed with the the Gauss norm tolology.
t-adic morphisms = algebra morphisms continuous for both topologies.

Our aim is to study D.E. with “constants” lying in a f-adic algebra. J

The condition 3 (multiplicativity of ||.||1) ensures that the completion of
the field of quotients of Bj is a p-adic field that will be denoted by E .
Hence it makes available the powerfull theory of D.E. over E .
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Basic examples

Notations : 'y = (y1,..,¥m), n= (N1, nm) , |n| = ny +--4 npm ,
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Basic examples

Notations : 'y = (y1,..,¥m), n= (N1, nm) , |n| = ny +--4 npm ,

o K<y>: Y ay e K[yl lim fan| 7" = 0}
[n|—00
neN™
endowed with  |[al|; = maxpenm |an|7!"

[for each 7 itis a Tate algebra] ,
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endowed with  ||al|; = maxpenm \an\Tw

[for each 7 itis a Tate algebra] ,

e K<y>! = {Power series overconvergent in the unit polydisk }
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Basic examples

Notations : 'y = (y1,..,¥m), n= (N1, nm) , |n| = ny +--4 npm ,

o Key>o ® {3 ay e Kyl im [anl7" =0}
neN™
endowed with  ||al|; = maxpenm \an\Tw

[for each 7 itis a Tate algebra] ,

e K<y>! = {Power series overconvergent in the unit polydisk }
[it is sometime called the Dwork-Monsky-Washnitzer algebra] ,

e E = {completion of K(y) for ||.|1}
[field of analytic elements in the generic (unit) polydisk] .
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General examples  (after Z. Mebkhout & L. Narvaez)

Principle : quotient the basic example by an ideal a of K<y>T .

Key point : any such ideal is actually closed !
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General examples  (after Z. Mebkhout & L. Narvaez)

Principle : quotient the basic example by an ideal a of K<y>T .

Key point : any such ideal is actually closed !

o B = K<y>; /anK<y>, (r>1)

endowed with the quotient norm  ||b|| & infaca ||b+ 3|+ |

(Ja° ideal of K<y>; st. By & K<y>; /a° K<y>1 with [|.[1-q.n.).

Christol-Mebkhout Relative p-adic D.E. Padova, september 20, 2022

7/

17



General examples  (after Z. Mebkhout & L. Narvaez)

Principle : quotient the basic example by an ideal a of K<y>T .

Key point : any such ideal is actually closed !

o B, = K<y>, JanK<y>, (r>1)
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(Ja® ideal of K<y>; st. B ' K<y>; Ja® K<y>; with ll-li-q.n.).
e Bl =K<y>T /JanK<y>T satifies conditions 1 and 2 .

It will be a t-adic algebra provided ||.||1 is multiplicative, namely iff
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General examples  (after Z. Mebkhout & L. Narvaez)

Principle : quotient the basic example by an ideal a of K<y>T .

Key point : any such ideal is actually closed !

o B, = K<y>, JanK<y>, (r>1)

endowed with the quotient norm  ||b|| & infaca ||b+ 3|+ |

(Ja® ideal of K<y>; st. B ' K<y>; Ja® K<y>; with ll-li-q.n.).
e Bl =K<y>T /JanK<y>T satifies conditions 1 and 2 .

It will be a t-adic algebra provided ||.||1 is multiplicative, namely iff

B, & O1/mOy is integral (01 % {x € Bi;|Ix|1 <1}, m & {m e K;|m| < 1}).

Moreover both topologies on Bt are separated and do not depend on the
“presentation” a — K<y>t .
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One dimensional examples

By = { analytic elements in C(finite union of residue classes) } ,

1
B, = { analytic elements in C (finite union of disks with radius =) } .
T

Christol-Mebkhout Relative p-adic D.E. Padova, september 20, 2022 8 /17



One dimensional examples

By = { analytic elements in C(finite union of residue classes) } ,

B, = { analytic elements in C (finite union of disks with radius

3 -

)}
They are special cases of “general examples” realized, for instance, with
m=2,beK<y;>, a= (1—by2) K<yi,y2>

zeroes of b

Christol-Mebkhout

Relative p-adic D.E.

Padova, september 20, 2022 8 /17



The B-algebra Ag(/) for a Banach algebra B

For | =(a,b) C[0,00] and (B,].||) a Banach algebra we set :

(1) {Zas 2, €B et (vpe/)smoo||as”pszo}.

SEZ

Christol-Mebkhout Relative p-adic D.E. Padova, september 20, 2022 9 /17



The B-algebra Ag(/) for a Banach algebra B

For | =(a,b) C[0,00] and (B,].||) a Banach algebra we set :

(1) {Zas 2, €B et (vpe/)smoo||as”pszo}.

SEZL
It is a Frechet algebra for the two (equivalent) norm families :

ofor pel Iy max(lasl )
o for J closed C/: |.||;=max].|, .
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For | =(a,b) C[0,00] and (B,].||) a Banach algebra we set :

(1) {Zas 2, €B et (vpe/)smoo||as”pszo}.

SEZL
It is a Frechet algebra for the two (equivalent) norm families :

ofor pel Iy max(lasl )
o for J closed C/: |.||;=max].|, .
ped

As usually these norms can be extended to the matrices :
for G € Mat (Ag(l)) = o {dxd matrices with coeff. € Ag(/ )} we set
def

max [1Gylly o lGIs % max Gyl

def

IGll, =

/ 17
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The B-algebra Ag(/) for a Banach algebra B

For | =(a,b) C[0,00] and (B,].||) a Banach algebra we set :

def .
(1) {ZZa L€ B et (Ypel) lim | p* :o} .
se
It is a Frechet algebra for the two (equivalent) norm families :

ofor pel Iy max(lasl )
o for J closed C/: |.||;=max].|, .
ped

As usually these norms can be extended to the matrices :
for G € Mat (Ag(l)) = o {dxd matrices with coeff. € Ag(/ )} we set
def

max [1Gylly o lGIs % max Gyl

def

IGll, =

We will also denote by Gl (Ag(/)) the group of invertible matrices.

/ 17
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The Bf-algebra Ag-1(/) for a f-adic algebra BT

For BT a f-adic algebra we set :

Ag>1(/ et {Zas ;. (Gr>1) as€B;

SEZ
and (Vpel) (3r,>1) _lim |as|l-, p° = o}
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The Bf-algebra Ag-1(/) for a f-adic algebra BT

For BT a f-adic algebra we set :

Ag>1(/ ] {Zas ;. (Gr>1) as€B;

SEZ
and (Vpel)(3r,>1) _lim sl p° = o}
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Jclosed CI  7>1
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The Bf-algebra Ag-1(/) for a f-adic algebra BT

For BT a f-adic algebra we set :

Ag>1(/ ] {Zas ;. (Gr>1) as€B;

SEZ
and (Vpel)(3r,>1) _lim sl p° = o}

= ﬂ U Ag. (J)

Jclosed CI  7>1

It is a Bf-algebra
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The Bf-algebra Ag-1(/) for a f-adic algebra BT

For BT a f-adic algebra we set :

Ag>1(/ ] {Zas ;. (Gr>1) as€B;

SEZ
and (Vpel)(3r,>1) _lim sl p° = o}

= ﬂ U Ag. (J)

Jclosed CI  7>1

It is a Bf-algebra endowed with a complete, but useless, topology.
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The Bf-algebra Ag-1(/) for a f-adic algebra BT

For BT a f-adic algebra we set :

Ag>1(/ ] {Zas ;. (Gr>1) as€B;

SEZ
and (Vpel)(3r,>1) _lim sl p° = o}

= ﬂ U Ag. (J)

Jclosed CI  7>1
It is a Bf-algebra endowed with a complete, but useless, topology.

Examples : let Bf = K<y>T, | =[0,1) and |7r‘:p*1/(P*1)_
* The function exp(myx) =) cn %:y” x"e Ag=1(l)
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The Bf-algebra Ag-1(/) for a f-adic algebra BT

For BT a f-adic algebra we set :

Ag>1(/ ] {Zas ;. (Gr>1) as€B;

SEZ
and (Vpel)(3r,>1) _lim sl p° = o}

= ﬂ U Ag. (J)

Jclosed CI 7>1
It is a Bf-algebra endowed with a complete, but useless, topology.
Examples : let Bf = K<y>t 1=1[0,1) and |r| = p~ ¥/ (1)
* The function exp(myx) =) cn %:y” x"e Ag=1(l)
* The function Zy”2 x" € Ag, (1) but ¢ Ag=1(/) .

neN
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Main results in the null monodromy case

Let B' be a f-adic algebra and E the completion of the quotient field of B; .
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Theorem EB (from E to B)
Let He Gl(Ae(1)) best. G = LHHc Mat(Ag(1)) ,
then there exists C € GI(E) s.t. HC € Gl(Ag, (1)) .

Theorem BB (from B; to BT)
Let He Gl(Ag (1)) best. G = LHH' e Mat (Ag-1(1)) ,
then there exists C € GI(By) s.t. HC € Gl (Ag-1(/)) .
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Main results in the null monodromy case

Let B' be a f-adic algebra and E the completion of the quotient field of B; .

Theorem EB (from E to B)
Let He Gl(Ae(1)) best. G = LHHc Mat(Ag(1)) ,
then there exists C € GI(E) s.t. HC € Gl(Ag, (1)) .

Theorem BB (from B; to BT)
Let He Gl(Ag (1)) best. G = LHH' e Mat (Ag-1(1)) ,
then there exists C € GI(By) s.t. HC € Gl (Ag-1(/)) .

Putting the two theorems together gives

Theorem EBT (from E to BT)
Let He Gl(Ag(1)) best. G = LHH e Mat (Ag-1(1)) ,
then there exist C € GI(E) , s.t. HC e Gl(Ag-1(/)) .
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Main results for general Robba differential modules

Theorem (structure of Robba modules over p-adic fields)

Let G € Mat (Ag(l)) satisfying Robba condition [ (Vp € 1) ray¢(p) =p |
with exponent o = (ou, ..., aq) € Z3/€ satisfying DNL,

[@={aj} € {ZP/Z}d and the Differences a; —«; are Non Liouville numbers|
Then there is a “change-of-basis matrix" H € Gl (Ag(l)) (from G to 1M)
s.t. diXH =GH—HLM, where M € Mat(Z,) is the “monodromy matrix" :
M=D+ N with D= diag{as,...,aq}, N is nilpotent and DN = ND.
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Main results for general Robba differential modules

Theorem (structure of Robba modules over p-adic fields)

Let G € Mat (Ag(l)) satisfying Robba condition [ (Vp € 1) ray¢(p) =p |
with exponent o = (ou, ..., aq) € Z3/€ satisfying DNL,

[@={aj} € {ZP/Z}d and the Differences a; —«; are Non Liouville numbers|
Then there is a “change-of-basis matrix" H € Gl (Ag(l)) (from G to 1M)
s.t. d%H =GH—HLM, where M € Mat(Z,) is the “monodromy matrix" :
M=D+ N with D= diag{as,...,aq}, N is nilpotent and DN = ND.

Theorem (structure of Robba modules over {-adic algebras)
Let G € Mat (Ag-1(1)) satisfying Robba condition with DNL exponent.
Then the change-of-basis matrix H can be taken in Gl (Ag-1(/)) .
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Proof of BB : reduction to a weak version (WV)

The theorem BB can be deduced from a seemingly weaker one.
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The theorem BB can be deduced from a seemingly weaker one.

Let J denote the interior of J and let J/ CJ mean J' C J.

Theorem WV : Let J' C J two closed subintervals of | .

If H=3,c; Hsx® € Gl (Ag,(J)) satisfies both conditions
Wwvi1i G ¥ 4 HH-! € Mat (Ag, (J)) forsome 7>1,
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If H=3,c; Hsx® € Gl (Ag,(J)) satisfies both conditions
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WV 2. Ho=1Id and ||H-Id|1 <1,
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The theorem BB can be deduced from a seemingly weaker one.

Let J denote the interior of J and let J/ CJ mean J' C J.

Theorem WV : Let J' C J two closed subintervals of | .

If H=3,c; Hsx® € Gl (Ag,(J)) satisfies both conditions
Wwvi1i G ¥ 4 HH-! € Mat (Ag, (J)) forsome 7>1,
WV 2. Hy=1Id and |H-1Id|; <1,

then thereis 7/, 1 <7/ <7, st HeGl(As (J)) .

Beyond the play on intervals related to the definition of BT , the theorem
BB follows from theorem WV using the next lemma

Lemma : Let H e Gl(Ag,(J)) and 7>1.
Then thereis D € Gl(Ap (J)) st [[DH—-Id[1,<1.
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Proof of BB : reduction to a weak version (WV)

The theorem BB can be deduced from a seemingly weaker one.

Let J denote the interior of J and let J/ CJ mean J' C J.

Theorem WV : Let J' C J two closed subintervals of | .

If H=3,c; Hsx® € Gl (Ag,(J)) satisfies both conditions
Wwvi1i G ¥ 4 HH-! € Mat (Ag, (J)) forsome 7>1,
WV 2. Hy=1Id and |H-1Id|; <1,

then thereis 7/, 1 <7/ <7, st HeGl(As (J)) .

Beyond the play on intervals related to the definition of BT , the theorem
BB follows from theorem WV using the next lemma

Lemma : Let H e Gl(Ag,(J)) and 7>1.
Then thereis D € Gl(Ap (J)) st [[DH—-Id[1,<1.

which itself is a consequence of the density of B, in Bj .
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Proof of WV : matrices G.,~ and function ray(t,p)

By WV1, H € Gl (Ag,(J)) and G = LHH e Mat (A, (J)).
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Proof of WV : matrices G.,~ and function ray(t,p)

By WV1, H € Gl (Ag,(J)) and G = LHH e Mat (A, (J)).
Set Geo> =1d, Gepr1s = %G<n> + Gan> G,
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Proof of WV : matrices G.,~ and function ray(t,p)

By WV1, H € Gl (Ag,(J)) and G = LHH e Mat (A, (J)).

Set G<0> =1d s G<n+1> = %G<n> + G<n> G , and let
of . .1 =1/n
rayc(t,p) = min {p; liminf||= Gop> ‘ } for te[l, 7], peJ.
n—oo |l nl tp
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Proof of WV : matrices G.,~ and function ray(t,p)

By WV1, H € Gl (Ag,(J)) and G = LHH e Mat (A, (J)).

Set Geo> =1d, Gepy1> = %G<n> + Gen> G, and let
‘71/n

t,p

1
EG<,7> } for te[l,T],[)EJ

def . . .
rayg(t,p) = min{p; Ilrrn—1>|c>rlf

By construction G,> € Mat (Ag, (J))
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Proof of WV : matrices G.,~ and function ray(t,p)

By WV1, H € Gl (Ag,(J)) and G = LHH e Mat (A, (J)).

Set Geo> =1d, Gepy1> = %G<n> + Gen> G, and let
‘71/n

t,p

of . ']
rayc(t,p) & min {p: I|nnl>|orlf HG<,,> } for te[l, 7], peJ.

By construction G,» € Mat (Ag, (J)) and a convexity argument

o
proves that the function rayc(t,p) is continuous on [1,7) x J
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Proof of WV : matrices G.,~ and function ray(t,p)

By WV1, H € Gl (Ag,(J)) and G = LHH e Mat (A, (J)).

Set Geo> =1d, Gepy1> = %G<n> + Gen> G, and let
‘71/n

t,p

of . ']
rayc(t,p) & min {p: I|nnl>|orlf HG<,,> } for te[l, 7], peJ.

By construction G,» € Mat (Ag, (J)) and a convexity argument
o
proves that the function rayc(t,p) is continuous on [1,7) x J

Moreover Gops = %H H=1, whence rayc(1,p)=p for pe J.
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Proof of WV : matrices G.,~ and function ray(t,p)

By WV1, H € Gl (Ag,(J)) and G = LHH e Mat (A, (J)).

Set Geo> =1d, Gepy1> = %G<n> + Gen> G, and let
‘71/n

t,p

1
EG<,7> } for tG[l,T],pGJ

def . . .
rayg(t,p) = min{p; Ilnn—1>|<>rlf

By construction G,» € Mat (Ag, (J)) and a convexity argument
proves that the function rayc(t,p) is continuous on [1,7) X j
Moreover Gops = %H H=1, whence rayc(1,p)=p for pe J.
The theorem WV asserts that rayc(t,p) =p on [1,7] x J" .

4

7! : !

T 7
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Proof of WV : matrices G.,~ and function ray(t,p)

By WV1, H € Gl (Ag,(J)) and G = LHH e Mat (A, (J)).

Set Geo> =1d, Gepy1> = %G<n> + Gen> G, and let
‘71/n

t,p

1
EG<,7> } for tG[l,T],pGJ

def . . .
rayg(t,p) = min{p; Ilnn—1>|<>rlf

By construction G,» € Mat (Ag, (J)) and a convexity argument
o
proves that the function rayc(t,p) is continuous on [1,7) x J

Moreover Gops = %H H=1, whence rayc(1,p)=p for pe J.

and the theorem BB asserts this is true on some open set edged with /.

Christol-Mebkhout Relative p-adic D.E. Padova, september 20, 2022 14 /17



Proof of WV : Frobenius machinery

By W2, H=3"_, Hsx* with Ho=1d, [[H-1d|;,<1.

Then, HO = o Hy xP's € Gl (Ag,(J)) for £>1.
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Proof of WV : Frobenius machinery

By WV2 , H=3__, Hsx® with Hy=1d, |[H—-1d|;;<1.
Then, HO = o Hy xP's € Gl (Ag,(J)) for £>1.

So that RY) ' HO Hle Gl (Ag,(J)) and |RY —Id|l1y <1.
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Proof of WV : Frobenius machinery

By WV2 , H=3",_, Hsx* with Hy=1d, [|[H—Td|},,<1.
Then, HO = o Hy xP's € Gl (Ag,(J)) for £>1.
Sothat RY) ' H() H-1c G1(Ap,(J)) and |RY) —1d|1,<1.

However, using Taylor's formula between x and (x , one gets

Z) _ezz ¢-1)" xG<n>.

C =1 neN
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Proof of WV : Frobenius machinery

By WV2 , H=3",_, Hsx* with Hy=1d, [|[H—Td|},,<1.
Then, HO = o Hy xP's € Gl (Ag,(J)) for £>1.
Sothat RY) ' H() H-1c G1(Ap,(J)) and |RY) —1d|1,<1.

However, using Taylor's formula between x and (x , one gets
z _
0= 3 S A
C =1 neN
As | —1] <1 and rayg is continuous, there exists 7, > 1 s.t.

RY) € Gl (Ag,,(J)) -
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Proof of WV : Frobenius machinery

By WV2 , H=3",_, Hsx* with Hy=1d, [|[H—Td|},,<1.
Then, HO = o Hy xP's € Gl (Ag,(J)) for £>1.
Sothat RY) ' H() H-1c G1(Ap,(J)) and |RY) —1d|1,<1.

However, using Taylor's formula between x and (x , one gets

Z) _ezz ¢-1)" xG<n>.

C =1 neN
As | —1] <1 and rayg is continuous, there exists 7, > 1 s.t.

RY) € Gl (Ag,,(J)) -
ldea : H= Rg)_l H® hence H = lim Rg)_l in Gl (Ag,(J)) -
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Proof of WV : Frobenius machinery

By WV2 , H=3",_, Hsx* with Hy=1d, [|[H—Td|},,<1.
Then, HO = o Hy xP's € Gl (Ag,(J)) for £>1.
Sothat RY) ' H( H-1c G1(Ap,(J)) and [|RY) —Td |y <1 .

However, using Taylor's formula between x and (x , one gets

Z) _ezz ¢-1)" xG<n>.

C =1 neN
As | —1] <1 and rayg is continuous, there exists 7, > 1 s.t.

RY) € Gl (Ag,,(J)) -

—1 -1
ldea: H=RY " HO hence H=IlimRY ™ in GI(Ag,(J)) .
Proving convergence in Gl (ABT,(J’)) will prove the theorem WV.
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Proof of WV : Frobenius machinery

By W2, H=73%"__,Hsx* with Hp=1d, [[H—-1d|;,<1.
Then, HO = o Hy xP's € Gl (Ag,(J)) for £>1.

Sothat RY) ' H( H-1c G1(Ap,(J)) and [|RY) —Td |y <1 .
However, using Taylor's formula between x and (x , one gets

Z) _ezz ¢-1)" xG<n>.

C =1 neN
As | —1] <1 and rayg is continuous, there exists 7, > 1 s.t.

RY) € Gl (Ag,,(J)) -
o pO7 e e pO7L
Idea: H=R;’ HY hence H=IlimR; in Gl (Ag,(J)) -
Proving convergence in Gl (ABT,(J’)) will prove the theorem WV.

Unfortunately lim 7, =1 and we have ... yet to work.
{—00
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Proof of WV : going from R to R(+1)

Let's define GO by pfoZG(e)(xPZ) def XdiXH(f) HO™L
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Proof of WV : going from R to R(+1)

Let's define G() by pfoZG(e)(xPZ) Lt XdiXH(f) o~
Then G() € Mat (Ag (/7)) and  RETY = RY) (xP") RY) .
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Proof of WV : going from R(®) to R(+1)

Let's define G() by pfoZG(e)(xPZ) Lt XdiXH(f) o~
Then G() € Mat (Ag (/7)) and  RETY = RY) (xP") RY) .

Lemma RG: If 7, < 7, RS € G1(Ag,, (J)) = G € Mat (Ag, (J7)) .
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Proof of WV : going from R(®) to R(+1)

Let's define GO by pfoZG(‘Z)(xP[') def XdiXH(f) HO™L

Then G() € Mat (Ag (/7)) and  RETY = RY) (xP") RY) .

Lemma RG: If 7 < 7, RY) € Gl (Ag, (J)) = G € Mat (Ag, (J/)) .
Proof : pix?’ GO(xP') = x (£RE +RY 6) RE
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Proof of WV : going from R(®) to R(+1)

Let's define G() by pixP GO(xP") & XdixH(e) HOT
Then G() € Mat (Ag (/7)) and  RETY = RY) (xP") RY) .
Lemma RG: If 7, < 7, RS € G1(Ag,, (J)) = G € Mat (Ag, (J7)) .
-1
Proof :  p‘xP’ Gf)(xp)—x( RY 4+ RY) G) RO
Lemma GR : If R € Gl (4g,,(J)) and |x G(Z)HTNPZ <1
then R(GZH) e Gl (ABTZ (J)) and |x G(€+1)||T[ ottt <P
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Proof of WV : going from R(®) to R(+1)

Let's define G() by pixP GO(xP") & XdixH(e) HOT
Then G() € Mat (Ag (/7)) and  RETY = RY) (xP") RY) .
Lemma RG: If 7, < 7, RS € G1(Ag,, (J)) = G € Mat (Ag, (J7)) .
-1
Proof :  p‘xP’ Gf)(xp)—x( RY 4+ RY) G) RO
Lemma GR : If R € Gl (4g,,(J)) and |x G(Z)Hmﬂ,z <1
then R(GZH) e Gl (ABTZ (J)) and |x G(€+1)||T[ ottt <P

Proof: Noticing that ’ZC":l (C—Il)

for n>1, we get :

O = Y nen Yere1 S x" GY). € Gl (Ag, (JPZ)) ,

p xP GUHD(xP) = x (dLLR(Gl()f) + R(Gl()f) Gw)) R(l()e)
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Proof of WV : going from R(®) to R(+1)

Let's define G() by pixP GO(xP") & XdixH(e) HOT
Then G() € Mat (Ag (/7)) and  RETY = RY) (xP") RY) .
Lemma RG: If 7, < 7, RS € G1(Ag,, (J)) = G € Mat (Ag, (J7)) .
-1
Proof :  p‘xP’ Gf)(xp)—x( RY 4+ RY) G) RO
Lemma GR : If R € Gl (4g,,(J)) and |x G(Z)Hmﬂ,z <1
then R(GZH) e Gl (ABTZ (J)) and |x G(e+1)||7[ ottt <P

Proof: Noticing that )ZC":l (C—Il)

for n>1, we get :

O = Y nen Yere1 S x" GY). € Gl (Ag, (JPZ)) ,

p xP GUHD(xP) = x (%R(Gl()f) + R(Gl()f) Gw)) R(l()e)

It remains to kill the “p” that appears at each step /.
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Proof of WV : killing p in nonresidue terms of G

Principle : reducing the interval J .
Let's write xP* G(é)(x”z) =), G x| J= [p?, p?], J' =[p?,p?”] and
let's choose /o big enough to have 3°,., pt<min{b—b; d —a}.
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Proof of WV : killing p in nonresidue terms of G

Principle : reducing the interval J .
Let's write xP* G(é)(x”z) =), G x| J= [p?, p?], J' =[p?,p?”] and
let's choose /o big enough to have 3°,., pt<min{b—b; d —a}.

£ . 4
For s #0, ||Gs(£) x*P"||;,; is max. at a or b and decreases at least as p” .
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Proof of WV : killing p in nonresidue terms of G

Principle : reducing the interval J .

Let's write xP* G(é)(x”z) =), G x| J= [p?, p?], J' =[p?,p?”] and
let's choose /o big enough to have 3°,., pt<min{b—b; d —a}.
For s # 0, ||Gs(€) XSPZHTJ is max. at a or b and decreases at least as ppz.

For ¢ > {y one obtains the following (logarithmic) picture :

a a Jpp=J b p log,p
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Proof of WV : killing p in nonresidue terms of G

Principle : reducing the interval J .

Let's write xP* G(Z)(X”Z) =), G x| J= [p?, p?], J' =[p?,p?”] and
let's choose /o big enough to have 3°,., pt<min{b—b; d —a}.
For s # 0, ||Gs(€) XSPZHTJ is max. at a or b and decreases at least as ppz.

For ¢ > {y one obtains the following (logarithmic) picture :

a a+p[0 a, JZO = J bl b*plO b Iogp '0

slope —pf0 N\ |
|

Iyt et
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Proof of WV : killing p in nonresidue terms of G

Principle : reducing the interval J .

Let's write xP* G(Z)(X”Z) =), G x| J= [p?, p?], J' =[p?,p?”] and
let's choose /o big enough to have 3°,., pt<min{b—b; d —a}.
For s # 0, ||Gs(€) XSPZHTJ is max. at a or b and decreases at least as ppz.

For ¢ > {y one obtains the following (logarithmic) picture :

_ I
a  Liph a Jgo =J b b—pto b Ogp P
om0 N | Jig1 P
slope —ptotl ~ i J€0+2 i <_ slope pfotl
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Proof of WV : killing p in nonresidue terms of G

Principle : reducing the interval J .

Let's write xP* G(Z)(X”Z) =), G x| J= [p?, p?], J' =[p?,p?”] and
let's choose /o big enough to have 3°,., pt<min{b—b; d —a}.
For s # 0, ||Gs(€) XSPZHTJ is max. at a or b and decreases at least as ppz.

For ¢ > {y one obtains the following (logarithmic) picture :

_ [
a  Liph a Jgo =J b s_,0 b ngp
N Sy 1 e
N Sy s
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Proof of WV : killing p in nonresidue terms of G

Principle : reducing the interval J .

Let's write xP* G(Z)(X”Z) =), G x| J= [p?, p?], J' =[p?,p?”] and
let's choose /o big enough to have 3°,., pt<min{b—b; d —a}.
For s # 0, ||Gs(€) XSPZHTJ is max. at a or b and decreases at least as ppz.

For ¢ > {y one obtains the following (logarithmic) picture :

_ I
a  Liph a Jgo =J b b—pto b Ogp P
slope —pf0 7 i i HE i J€O+1 i EH i i . slope pt0
sope o0 A\ Jigt2 i/ s
: J :
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Proof of WV : killing p in the residue of G

Principle : decreasing 7,
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Proof of WV : killing p in the residue of G

Principle : decreasing 7,

Tools : use smallness of HGéE)Hl
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Proof of WV : killing p in the residue of G

Principle : decreasing 7,

Tools : use smallness of HGéE)Hl and log-convexity of t HGée)Ht
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Proof of WV : killing p in the residue of G

Principle : decreasing 7,

Tools : use smallness of HGéé)Hl and log-convexity of t HGée)Ht

Graph of t HGéZ)IIt in logarithmic coordinates
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Proof of WV : killing p in the residue of G

Principle : decreasing 7,

Tools : use smallness of HGéé)Hl and log-convexity of t HGée)Ht

l
log,, 1G 14
log, t

Graph of t HGéZ)IIt in logarithmic coordinates
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Proof of WV : killing p in the residue of G

Principle : decreasing 7,

Tools : use smallness of HGéé)Hl and log-convexity of t HGée)Ht

l
log,, G314
log, t

log,, |G
8 G0l Graph of t+— HGéZ)IIt in logarithmic coordinates
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Proof of WV : killing p in the residue of G

Principle : decreasing 7,

Tools : use smallness of HGéé)Hl and log-convexity of t HGée)Ht .

l
log,, 1G 14
log, t

log,, |G*)
8y 1ol Graph of t HGéZ)IIt in logarithmic coordinates
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Proof of WV : killing p in the residue of G

Principle : decreasing 7,

Tools : use smallness of HGéé)Hl and log-convexity of t HGée)Ht .

l
log,, G314 | |
08,T¢ og,t

YA
log, 165 1

log,, [|GS”
By o[l Graph of t HGéZ)IIt in logarithmic coordinates
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Proof of WV : killing p in the residue of G

Principle : decreasing 7,

Tools : use smallness of HGéé)Hl and log-convexity of t HGée)Ht .

l
log,, G314 | |
08,T¢ og,t

YA
log, 165 1

log,, [|GS”
By o[l Graph of t HGéZ)IIt in logarithmic coordinates
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Proof of WV : killing p in the residue of G

Principle : decreasing 7,
Tools : use smallness of HGéé)Hl and log-convexity of t HGée)Ht .

l
log,, G314 | |
08,T¢ og,t

YA
log, |G} Hm
log,, 1PG 1,

¢
log G I
Graph of t HG ||+ in logarithmic coordinates
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Proof of WV : killing p in the residue of G

Principle : decreasing 7,
Tools : use smallness of HGéé)Hl and log-convexity of t HGée)Ht .

log, 1G4
log, 711 log,Te log, t

YA
log, |G} Hm
log,, 1PG 1,

¢
log G I
Graph of t HG ||+ in logarithmic coordinates
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Proof of WV : killing p in the residue of G

Principle : decreasing 7,

Tools : use smallness of HGéé)Hl and log-convexity of t HGée)Ht .

log, 1G4
log, 711 log,Te log, t

YA
log, |G} Hm
log,, 1PG 1,

¢
log G I
Graph of t HG ||+ in logarithmic coordinates

. def .
We conclude showing 7/ = lim 7, > 1.
{—00
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Thank you for your attention

Christol-Mebkhout Relative p-adic D.E. Padova, september 20, 2022 19 /17



