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Abstract.

We prove existence and uniqueness of solutions to a transport equation modelling vehicular traffic
in which the velocity field depends non-locally on the downstream traffic density via a discontinuous
anisotropic kernel. The result is obtained recasting the problem in the space of probability measures
equipped with the co-Wasserstein distance. We also show convergence of solutions of a finite dimensional
system, which provide a particle method to approximate the solutions to the original problem.
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1. Introduction

In this paper, we are interested in studying the macroscopic traffic flow model
introduced in [§] from the point of view of measure transport equations in Wasserstein
spaces.

Transport equations with non-local velocities have drawn a growing attention in the
mathematical community, starting from the Vlasov equation and other models in kinetic
theory, see e.g. [10L 18] B35)]. In this context, non-local means that the velocity at a given
point of the space depends not only on the density at that point, but on the density
in a whole neighborhood. The first general results of existence and uniqueness for such
equations are given by Ambrosio-Ganbo [3]. There, the authors show that Wasserstein
distances are key tools to deal with these equations, since vector fields resulting from
non-local interactions are Lipschitz continuous with respect to such distances. Several
extensions have been proposed since then, including definition of gradient flows [5], nu-
merical schemes [30}[32], generalizations to domains with boundary [20] and to transport
equations with sources [29, [31].

Non-local conservation laws have been introduced recently to model a variety of
evolution dynamics: besides road traffic models [8, [21) 23] 25], 34] and crowd motion
models [I3] [15] 27, 28] [36], they are used to describe granular flows [I], sedimenata-
tion [6], conveyor belts [22] and aggregation phenomena [24].

As far as road traffic is concerned, an advantage in considering non-local mean
velocity depending on a weighted mean of the downstream traffic density is represented
by the consequent finite acceleration, whose unboundedness is one of the drawbacks
of Lighthill- Whitham-Richards (LWR) [26] [33] model and other classical macroscopic
models, which allow for speed jumps. This limits their application in connection with
consumption and pollution models, which heavily rely on acceleration estimation, see
for example comments in [9]. The study performed in [8, 21] also shows the impact of
the monotonicity and the support location of the kernel in the appearance of oscillations
of solutions. This may be of interest for applications to connected vehicles and vehicle-
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2 Traffic flow with non-smooth metric interaction

to-vehicle communication [7, B9], giving an insight of how this information should be
used to regularize traffic flow. On the other side, numerical experiments performed in
[21] show that the solution of the non-local equation converges to the solution of the
classical LWR model as the support of the convolution kernel reduces to a point.

In our case, the evolution equation for the density p=p(t,z) of cars on a (infinite)
road is given by the following transport partial differential equation (PDE)

{8tp+az (pv (ffﬂp(t,y)w(y—x)dy)) =0, zeR, >0, (1.1)

p(0,z) = po(x) zeR,

where v is the mean traffic velocity, >0 a given parameter, and w: [0,5] = R™ is a non-
increasing Lipschitz weight with fonw(x)dx =1. This is intended to model the fact that
drivers adapt their velocity depending on the downstream traffic condition, eventually
giving more attention to what happens close to them than to cars far beyond. In this
respect we speak of metric interaction, opposite to topological interaction which take
into account the ordering of vehicles: in this case the influence of preceding vehicles
takes into account the presence of other vehicles in between [16] Section 1.1.1.7].
Solutions of will be defined in the space M(R) of non-negative measures
equipped with the Wasserstein distance, and they are to be intended in the weak sense:

DEFINITION 1.1. A measure p€ C°([0,T]); M(R)) is a weak solution of if for all
e C®((0,T) xR) there holds

/oT/R (atwamv (LI+nw(y—x)du(t,y)>) dp(t,z) =0.

The main result of the paper guarantees existence and uniqueness of weak solutions.
THEOREM 1.2. Let v:[0,1] = R™ be a Lipschitz and non-increasing function with v(1) =
0 and po€ L* NP (R;[0,1]). Then the Cauchy problem admits a unique weak
solution for all t >0, which satisfies

0<p(t,z)<sup{po} for a.e. zeR,t>0.

Above, P¢¢ denotes the set of absolutely continuous measures with respect to the
Lebesgue measure and with compact support. The proof will be given in Section
Remark that, unlike [8, 2], the proof of uniqueness of solutions does not rely on any
entropy condition. On the other side, we must restrict the problem to initial data with
compact support.

The proof of Theorem will be decomposed in the following steps. We will first
prove existence and uniqueness of the solution of for small times in Proposition
[B:2] under mild hypotheses. Moreover, in Section [4] we prove that if v and w are
non-increasing, then we have existence of the solution for all times, together with the
maximum principle p(t,z) <sup{pp}. To this goal, we introduce a finite-dimensional
approximation of densities and prove two results: on one side, a discrete version of the
maximal principle for the approximate solution; on the other side, convergence of such
approximate solution to the solution of . These two results prove Theorem (1.2
Moreover, the finite-dimensional approximations also provide a particle type numerical
scheme to compute solutions of . In this perspective, this study extends to non-
local equations previous results on micro-to-macro limits for the classical LWR model
14, 17).
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Observe that the result is based on the study of in a more general setting,
with v not necessarily decreasing. Assuming that v is Lipschitz and w is a (possibly
discontinuous) BV interaction kernel of bounded variation, we prove in Proposition
existence and uniqueness of the solution of for small times. It is interesting to
observe that the density can blow-up in a finite time 7', leading to non-existence of the
solution for times larger than 7. Such phenomenon cannot appear for more smooth
interaction kernels w, see Proposition and Remark

The structure of the article is the following. A short review on Wasserstein distances
and general transport equations properties is given in Section Transport equations
with BV interaction kernels are studied in Section [3| where we prove existence and
uniqueness of solutions locally in time in Proposition [3:2} In Section [l we also define
a particle approximation for the density, that provides a finite-dimensional numerical
scheme for the solution of the transport PDE, and we prove convergence of the micro-
macro limit.

2. Wasserstein distances and transport equations

In this section, we recall the main definitions related to Wasserstein distances, and
in particular the definition and properties of the co-Wasserstein distance. We then recall
results about transport equations with non-local velocities, in the case of smooth inter-
action kernels. For more details, see the monographs [38,[37] and the articles [30, 3] 29].

We consider non-negative measures with a given mass m >0, which is conserved by
the solutions of . Therefore, without loss of generality, in the following we will deal
with probability measures, i.e. m=1.

We denote by P(RY) the set of probability measures on R? and with P.(R?) the
subset of probability measures with compact support. We also denote with P (R9)
the subset of probability measures that are absolutely continuous with respect to the
Lebesgue measure, and we identify the measure with its density with respect to the
Lebesgue measure, e.g. by writing both [ f(z)dp(z) and [ f(z)p(z)dx for p€ P*(R?).
We use the letters p,v,... for general measures in P(R?), keeping the notation p,p’, ...
for measures in P%¢(R?). When not specified, we consider P(R?),P.(R?),P*(R?) and
Pa(R?) :=P.(R?) NP (RY) endowed with the co-Wasserstein distance, defined below.

Given a probability measure 7 on R% x R%, one can interpret 7 as a path to transfer
a probability measure p on R? to another probability measure v on R? as follows: each

infinitesimal mass on a location z is sent to a location y with a probability given by
7(x,y). Formally, u is sent to v if the following property holds:

| inte.)=duta), | intn=ivta),

or, equivantly, for all f,g€ C®(R?)

/Rdw(f (2) +9(y) dm(z.y) = /R F@)du(a)+ /R gw)dv(y)

In this case, 7 is called a transference plan from p to v. We denote by IT(u,v) the set
of such transference plans.
Fix now p€[l,400). One can define a cost for 7 as follows

Jln] = / o —y[Pdr(z,y)
R4 xR
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and look for a minimizer of J in II(x,v). Such problem is called the Monge-Kantorovich
problem. A minimizer of J in II(u,v) always exists, see [37]. A natural space on which
J is finite is the space of Borel probability measures with finite p-moment, that is

Py(RY) = {MEP(Rd) | [ it <oo}. (2.1)

The p-Wasserstein distance is defined on P,(R") x P,(R") as

Wy (p,v) ::ﬂerﬂléﬂu)‘][ﬂ]l/p‘

It is indeed a distance on P,(R%), see [37].

REMARK 2.1. The Wasserstein distances can be interpreted in terms of distance between
two densities of particles or of vehicles. Consider a set of N initial positions for particles
of mass % and a set of N final positions. A transference plan 7 is then a choice of
sending each initial position to a final one, via a bijection. The corresponding cost is
then the cost of the transportation, as the sum of the p-th power of distances. The
Wasserstein distance corresponds to the minimizer of such cost.

The continuous version of the Wasserstein distance is then recovered when consider-
ing the number of particles growing to infinity. Such identification will be fully exploited
in Section[f), by considering finite-dimensional approzimation of densities.

Several topological properties are of interest for the space Pp(Rd) endowed with the
Wasserstein distance W, see [38, B7]. For future use, here we recall the following.
PROPOSITION 2.2. The Wasserstein distance metrizes weak convergence in P,(R%), i.e.

Wy (s 11) =0

if and only if

Un—p  and lim limsupn%oo/ ||P dn () =0.
R—+4o0 |z|>R

In particular, Wy (pn, 1) =0 if and only if p, — p in P(K) with K compact.
PROPOSITION 2.3. The space P,(R?) endowed with the Wasserstein distance W, is
complete.

PRrOPOSITION 2.4. The Wasserstein distances are ordered, i.e. p<q implies

Wy (1) < Wy (1.0).

We finally recall the Kantorovich-Rubinstein duality formula for the 1-Wasserstein
distance, see e.g. [37, Ch. 1].
PROPOSITION 2.5. Let p,v € Py(R%). Then it holds

Witp) =sup{ [ @)dn-r)a) | Lin(r) <1, (2.

2.1. The co-Wassersein distance In this section, we recall the definition of
the oco-Wasserstein distance and prove some useful properties. We remark that the
use of the oo-Wasserstein distance allows to recover the necessary estimates for the
convolution [ p(y)w(y—z)dy even for BV kernels w, see e.g. Proposition below.
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Given two probability measures u, v and the space of transference plans IT(u,v) with
marginal probabilities p,v, we denote with Co () the following cost of a transference
plan 7€ II(u,v):

Co () i= {m —esssup(|z —y|)}
The oo-Wasserstein distance is then defined as
Weo (ph,v) i=inf {Coo (7) | m€Il(p,v)}.

We first recall the existence of an optimal transference plan for probability measures
with compact support, see [I2 Prop. 2.1]. Observe that, in analogy with , we have
Poo(RY) =P (RY).

PROPOSITION 2.6. Let p,v € P.(R?). Then there exists m. € (u,v) realizing Weo, i.e.

WOO(MaV) :Coo(ﬂ'*)-

REMARK 2.7. Similarly to the standard Wasserstein distance, the oo-Wasserstein dis-
tance can be interpreted in terms of distance between two densities of particles or vehi-
cles. Given N initial positions for particles of mass % and a set of N final positions,
a transference plan 7 is the choice of sending each initial position to a final one via a
bijection. The corresponding cost Coo(w) is the mazimal distance between an initial and
a final position, hence the co- Wasserstein distance is the minimizer of such cost among
all transference plans.

Such interpretation is even easier in the case of 1D models, such as for densities
of vehicles. Consider a platoon of N wvehicles, with initial and final ordered positions
Z1,...,xn and yi,...,yn, respectively. Then, an optimal transference plan m, preserves
the order, i.e. it sends x; to y;, see e.g. [F7]. As a consequence, the oco-Wasserstein
distance coincides with max;|z; —y;|.

It is easy to prove that ordering of the Wasserstein distances is preserved even with
the co-Wasserstein distance.

PROPOSITION 2.8. For any p€ [1,+00) it holds

WP(M?”) SWOO(/J,,V).

Proof. Let 7 be a transference plan realizing W, (u,v). Then it holds

W2 () < / &~ y[P dr(a,y) < / Coo ()P dn(2,5) = W, (j1.0).

O

We now prove lower semicontinuity of W, with respect to the weak convergence of
measures in a compact space.
PROPOSITION 2.9. Let K be a compact set in RY, and p, a sequence in P(K). If
pin — 1 and v € Po(R?), then

Weo (v, p) <liminf,, 0o Weo (v, ).
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Proof. First observe that supp(u) C K. Since supp(v) is compact, eventually replacing
K by KUsupp(v), one has that all measures have compact support in K.

We prove the result by passing to a minimizing subsequence (that we do not relabel)
and prove that W (v, p) <lim, oo Weo (v, p4,). By Proposition for each n there
exists a transference plan 7, realizing W (v,up). Since m, € P(K x K) and K x K
is compact, then Prokhorov’s Theorem ensures the existence of a subsequence (that
we do not relabel) for which it holds 7, — 7, for some 7, €P(K x K). It is easy to
prove that m, €Il(v,u). Since Cu is lower semicontinuous with respect to the weak
topology (see e.g. [12, Lemma 2.3]), then Cy (m.) <lim, Cy(m,). By recalling that
Woo (v, 1) < Coo(74), the result is proved. O

We now prove results related to the topology of P.(R?) endowed with the oo-
Wasserstein distance.

PROPOSITION 2.10. The space P.(R?) is complete with respect to the metric Wa.
Moreover, let p, a sequence in Po(RY). If Woo(tin, 1) =0 for some p€P.(RY), then
M, — 4

Proof. Let pi,, be a Cauchy sequence in P,(R?%) endowed with the metric W,,. For a given
e >0, consider N such that for all n> N, k>0 it holds Woo (ttn, in+k) <e. In particular
it holds W (pn, pir) < €, that in turn implies that supp(p,) CU{B(z,e) |  €supp(un)}
for all n> N. Since such set is bounded, and the supports of uy for k < N are bounded
too, then there exists a compact set K containing the support of all fi,,.

Since the p, have uniformly bounded support, then they also have uniformly
bounded p-th moment for each p € [1,00). Recall that each space Pp(Rd) is complete with
respect to W, see Proposition Observe that it holds W, (i, tm) < Woo (fns tim )
then p, is a Cauchy sequence in P,(R?), hence there exists ju. for which W), (i, s) — 0
for all pe[1,00). Then, by Proposition we have i, — fix-

We are now left to prove that Weo(pin, i) —0, that is a direct consequence of
lower semicontinuity of W, with respect to the weak topology of measures, proved in
Proposition [2.9 U

REMARK 2.11. [t is false that weak convergence of measures implies convergence with
respect to the metric Wy, even in P(K) with K compact. For example, consider the
following sequence i, == ”;1504—%51, that weakly converges to p.:=dg, but for which

it holds Woo(ttn,pbs) =1 for all n. This is in sharp contrast with the W, metric with
p€[l,400), as recalled in Proposition .

2.2. Transport equations with smooth non-local interactions In this sec-
tion, we study the transport equation with non-local interactions, i.e. the following
Cauchy problem:

1(0,2) = o (), reRY, (23)

{&N—I—VI-(V[/AN) =0, z€R? t>0,
where V' is a function that associates to each measure p a vector field V{u]. For the
simplest case of V actually not depending on pu, the solution of is given by the
push-forward of the flow of V. We recall its definition here.

DEFINITION 2.12. Given a Borel map v:R? =R, the push-forward of a probability
measure € P(R?) is defined by:

v#u(A) = (v (A))

for every subset A such that y~1(A) is p-measurable.
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If v:R%x [0,7] — R? is a vector field uniformly Lipschitz with respect to the space
variable and continuous with respect to time, then we denote by v; =¢; the flow gen-
erated by v, where ¢} (xq) is the unique solution at time ¢ of

z=v(t,x),
x(0) = xo.
Then, we have the following result, see [37, Thm 5.34] and [30]|H

PROPOSITION 2.13. Let v:R?x[0,T] =R be a uniformly Lipschitz vector field. Then
the equation

Op+Va-(vp)=0, xR t>0,
M(O7$):M0(.’E>, xeRd7
with po € Po(RY) admits a unique solution p€ C°([0,T];P(RY)). Such solution satisfies
p(t) =P #uo. In particular, if po € P*(RY), then u(t) € P2(R?) for all times t>0.
Moreover, let v,w be two Lipschitz vector fields with Lipschitz constant L and
bounded, and ¢¥,¢" the corresponding flows. Let p,v € P.(R?) be two probability mea-
sures. Then, for p=[1,+00] it holds

ptlgry

Lt/p( Lt _
W, (046 40) < P W, )+ D G o) —w( ). (2.4)

L t€[0,T]

For V actually depending on u, we have the following theorem, generalizing the
results in [4] 30, 31] 29].
THEOREM 2.14. Let p€[l,+00]. Let the function
P.(R) — (C'NL>®) (R R?
v { P 2 ()R
poo=Vig

satisfy
o V[u] is uniformly Lipschitz and uniformly bounded, i.e. there exist L, M not
depending on u, such that for all € P.(R%),x,y eRY,

Vipl(z) =V <Llz—yl,  [VIu](z)] <M.
o V is a Lipschitz function, i.e. there exists K such that
[Vl =VIv]llco < KWy (p,v).

Then the Cauchy problem admits a unique solution p € C°([0,T];P.(RY)) for all
times T >0. Moreover, if the initial data po satisfies po € P2°(RY), then pu(t) € P (RY)
for all times t€[0,T1].

Finally, if p,p’ are solutions of with initial data po,vo respectively, there holds

Wy ((8), () < Y, 1, 1) (25
Proof. The proof is given for p < +oc in [30, Prop. 4 and Thm. 2] and in [31}, 29]. The

key estimate is (|2.4]), that holds also for p=+oc. Then, the original proofs can be easily
adapted to p=+o0. O

1The proof of 1j is given in [30] for p < 400, but it can be easily adapted to p=+oo.
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We now adapt such result to our setting, in which d=1 and V[u =0 fR
x)du(y)) with w Lipschitz.
PrROPOSITION 2.15. Let v:R—R be a Lipschitz and bounded function, and w:R—R
be a Lipschitz function with bounded support. If ug € P.(R), then the Cauchy problem

{atwra (v (Jpwly—2)du(t,y))) =0, z€R, t>0, (2.6)

(0,2) = po(), z€R,

admits a unique solution p€ C°([0,T];Pe(R)) for all times T > 0.
Moreover, if u,v are solutions of (@ with initial data po,vo respectively, there

holds
W (u(0) (0)) < SHPOEPY, (1 ). (27)
for any pe[1,4+00].

Proof. 1t is sufficient to prove that V[u] defined by V' =v( fpw( 1(z)) sat-
isfies the hypotheses of Theorem We have

where the last estimate is based on the Kantorovich-Rubinstein duality (2.2)) and order-
ing of Wasserstein distances in Propositions 2.4 and 2.8 By identifying L K, we find

B 0

3. Transport equations with BV interactions kernels

In this section, we study transport equations in one space dimension with non-local
velocities given by interaction kernels of the form . Unlike Proposition here we
do not assume that the kernel interaction w is Lipschitz continuous, but only BV'. This
prevents to use the results in Section Moreover, the interaction [w(z—x)du(z)
itself is not well-defined for general probability measures, but for measures that are
absolutely continuous with respect to the Lebesgue measure, i.e. for y€ P (R) only.

In particular, we will often deal with measures in the space L>* NP%¢(R), endowed
with the W, distance. As stated above, the space P.(R) is complete with respect to the
W distance, but this does not hold anymore for L>°NP2(R). Nevertheless, we have
convergence if both the support and the L norm are uniformly bounded, as proved in
the following proposition.
LEMMA 3.1. Let KCR be a compact set, and p, € L°NP*(K) be a sequence of
measures with uniformly bounded L* norm and weakly converging to pu. Then pée
L= NP(K) and ||z~ <limsup, o [ltn] -
Proof. Tt is clear that p€P(K). We now prove that p is absolutely continuous with
respect to the Lebesgue measure A, by proving that, for each set A that is A-measurable
with A\(A)=0, it holds u(A)=0.

We ﬁrst prove #(A)=0 in the case of A open. Fix (a,b) D K and define A, :=
{z€[a,b] | d(z,R\ A)> 1} with d(z,B)=inf,cp|z—y|. Observe that the A, are com-
pact, they satisfy A,, C A,,+1 and it holds lim,, A, = A. Define a sequence of continuous
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functions f,, with support in [a —1,b+ 1] satisfying x4, < fn < x4, increasing in the sense
that f, < fn+1. This implies f, —xa. Hence, by the monotone convergence theorem
and weak convergence, we have

= sup/fnd,u <suplimsupy,_, /fn dug < sup/fn dMA<MMNA)=0 (3.1)
neN neN
with M >sup,, ey || tin | 2o -
By regularity of finite measures (see [19]), the result holds for any A-measurable set
A, then p€P*(R). The estimate ||u| Lo <limsup,,_, . ||tn| L is again a consequence

of . O

The goal of this section is to prove the following result of existence and uniqueness
for small times.
PROPOSITION 3.2. Let the following hypotheses hold:

(H): The function v:[0,1] =R is Lipschitz and bounded. The interaction kernel
w satisfies w € BV ([, B];RT) for fized a, BER, extended with zero in R\

[, 8], and fﬁ x)dr=1. The initial density py satisfies pg € L NPL(R).

Then, there exists T >0 such that for allt € (0,T) there exists a unique weak solution
peCY([0,t]; L NPI(R)) of the Cauchy problem

{atp@,x)wz(vwn (@)p(t,z)) =0, z€R, t>0,

p(0,2)=po(x), reR. (32)

where
V() () =v ( / p(t,ww(y—w)dy) |

To prove this proposition, we first study in the following sections a set of useful
technical lemmas related to BV kernels and the corresponding transport equations.
The proof of Proposition [3.2] will be then given in Section

3.1. Estimates for convolutions with BV kernels

In this section, we prove some useful estimates for BV functions and functions
defined by convolutions with BV kernels. Estimates will be based on the Total Variation
norm, for which we recall the definition for real functions below. For more details, see
e.g. [2].
DEFINITION 3.3. Let f:[a,0] =R be a real function. The total variation of f is

N—1
TV (f):=sup, cp > |f(@ip1) = f(@s)l;

i=1

where py €P is a partition {x1,%2,...,xn} of the interval [, ].
We denote with BV ([a, B];R) the set of functions with bounded total variation.
For BV functions, the following properties hold.
LEMMA 3.4. Let fe€ BV ([a, B];R). Let [a,b] C[a, 5] and h such that a <a—h<b+h<
B. Then it holds

/\f (x—h)|dz < BTV (f).
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Proof. See also [2, Remark 3.25]. Assume that f is non-decreasing and h > 0. It holds

0</f
b

- / ((x) — fla—h))dz - / (f(z—h)— f(a—h))de
b—h

b
- / (F(2) — fla—h))di— / (f(2)— fla—h))dx

—h

b
< /b (@)~ fla—h)de

b

< / (F(8)— Fla—h))dz=h(f(b)— f(a—h))
b—h

<KTV(f).

The proof for h <0 is identical.
Let f=g—1 with g,] non-decreasing and TV (f)=TV (g)+TV(l). Then it holds

/\f ()| do= /| — (@)~ Uz — )| de

/|g)gx h|dz—|—/|l l(x—h)|dx

<|W|(TV (g)+TV (1))

— BTV (f).
[
LEMMA 3.5. Let p,p' € L2°NPI(R) and we BV ([, B];R). Then it holds
\ [t <Weelpof)TV (@) min{lplim |/ li=}  (3.3)

Proof. Let meIl(p,p’) be a transference plan realizing h: =W (p,p’), that exists due to
[12, Prop. 2.1]. Decompose w= f — g with f,g non-decreasing functions via the Jordan
decomposition on the interval [c, 5]. We have

Jw@diote) s @)= [ (@)= gl (o)~ [ (G0 -9w)dra)
~ [ @) - sw)dr@+ [(o) - g@)dntey)
< (@)~ fa-m)dntoa)+ [ (ol +0) - g)dn(ay)
— [ (#@)~ fa=m)dpla) + [ (alar+ 1) - g(a)) dole)

<Jplli~ ( Ju@-se-myae+ [ <g<x+h>—g<x>>dx)
<lpllo=hTV (w),
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where we used that points (z,y) in the support of 7 satisfy |z —y| <h except for a set
of zero measure. By replacing w with —w, we have the absolute value on the left hand
side of (3.3]). Since the estimate is symmetric with respect to p,p’, one has the result.
O

REMARK 3.6. The main reason for which Lemma holds only for measures p,p’ that
are absolutely continuous with respect to the Lebesque measure is that one needs to give
sense to the integral [w(x)dp(x) when w is a BV function. The proposition holds for
real measures since we need to use the Jordan decomposition of the BV functions.
PropoOsITION 3.7. Let we BV ([o,8;R) and p€ L*(R). Then the function f(z):=
[ p(y)w(y—z)dy is szschztz with Lipschitz constant L <||p|lp=TV (w).

Proof By using Lemma we have

) — flas)| < / p(y) [y — 1) —w(y — 2) | dy

<llollz~ / oy — 1) — w(y— 21 + (21— 72))|dy
<llpllzoe |21 — 2| TV (w).

O
PROPOSITION 3.8. Let w,w’ € BV ([, B];R) and p,p’ € L NPI(R). Then the functions

f(z):= / pywly—a)dy,  f(z)= / Py (y—z)dy
satisfy

1f = f'llco < Weo(p, o) TV (w)min{||pl| Lo, [lp | } + [0l Lol = w'| o

Proof. We have

@) - (@) < ‘ [ twroty—o)— 5wty -y + ‘ [o@uts—0)- 5w ty-)dy

< Woo(p,p") TV (w)min{]|pl| oo, [ p'l| oo } + 11" oo = w'[| 1,

where we used Lemma for the first integral and the L'-L° duality for the second
integral. O

3.2. Solution of transport equations with time-dependent interactions
In this section, we give estimates for solutions of the transport equations in which the
vector field is time-dependent, but not depending on the solution itself.
PROPOSITION 3.9. Let (H) hold. Fiz pe C°([0,T];L>°NP*(R)) and define the time-
dependent vector field Vi as follows:

Vi ( [ataut-od).

Let p(t) € C°([0,T]; L NP2(R)) be the unique solution of

atp(t7$)+am(%(x)p(tvx)):0 (34)
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corresponding to a given initial datum po € L NP (R). Moreover, it holds

Weo(p(t;-),p(t+5,-)) <5l[]oo, (3:5)

and

e M pollzee <llp(t, )= < e llpol L=, (3.6)

with L:= Lip(v) TV (w)supeo 4 {I1Psllze}-

Proof. Since V; does not depend on the solution of , but on a given p, existence
and uniqueness of solutions of is given by the classical method of characteristics,
see e.g. [I1]. Let ¢} be the flow generated by V; in the time interval [¢,t+s]. Then
the solution p of is unique, and given by the push-forward p(t,-) = ¢} #po, see

Proposition 2.13]
We first prove (3.5). Since it holds p(t+s,-) =¢Y #p(t,-), then the transference plan
m(x,y)=(Id x ¢¥ )#p(t,-) satisfies m €I(p(t,-),p(t+s,-)). Then it holds

Wes(p(t,-),p(t+s,-)) < Cux(m) = ) su(p( )){\x—¢¥(x)|}§ssup(|v|).
xesupp(p(t,-

We now prove (3.6). Observe that the Gronwall lemma gives
e M —al <oy (b) = ¢} (a)| <" |b—al, (3.7)
where L is the Lipschitz constant of V, in the interval [0,¢], that is L=

Lip(v) TV (w)supyeo,4{l|psll =} by Proposition This implies that for any inter-
val (a,b) there holds

b b #y (b)
/ plt,) da= / oY #po () do = /¢ po(@)dz < lpollz=18Y (b) — 8 (a)] < || oll = [b—al,

¥ (a)

that implies ||p(t)| L~ < e pol|=. By reversing time, we have the reverse inequality.
O

We now have the following comparison result.
PROPOSITION 3.10. Let p;,p, € CO([0,T]; L NP(R)) be given and w,w’ satisfy (H).
Define the time-dependent vector fields Vi, V; as follows:

V= ( [otnet-aa).  viw=( [dneu-oa).
Define p(t),p'(t) as the unique solutions of
Orp(t,x) + 05 (Vi()p(t,x)) =0, Orp/ (t,2) + 0, (V{ (z)p (£, 7)) =0,
with initial data po,p(, respectively. Then it holds
Wee(p(t,-),0'(t,)) < " ""Wee (po. ) +

ekt — su o(s.-).p'(s.- M
(et -1) (se[og]woo@(,),p(,)w L ) (35)

with L:= Lip(v)TV(w)Supse[O,t] max{||,6(s, ')||L°° ) ||ﬁl(sv )||L°°Tv(w/)}
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Proof. By Proposition we have that both V; and V; are Lipschitz vector fields with
Lipschitz constant L. Denote with ¢;,¢} the flows of the two vector fields, that are
defined for every t with 0 <t <T, since the vector fields are globally Lipschitz. Then,
we have the following estimate by the Gronwall lemma:

Lit| _

1
sup |[Vs—V/]|co.
s€0,t]

e (x) — 6 (y)| < XM —y| +

By definition of Vs and VY, Proposition [3.§| gives ||Vs — V|| co <

Lip(v) (Woo (p(s,+), 2 (s,) TV (w) min{[| (s, ) loc, 17" (5,) lloo } 117" (5, )| e [l = w'[[ 1) -

By plugging the explicit expression of L, and with a careful choice in the min and max
terms, we have

[61(2) = 61y | < e ja—y |+ (1~ 1) ( sup Wm(ﬁ(s,'),ﬁ'(S»'))JrW) .

s€[0,¢] w’)

By reversing time, we also have

|9e(x) =@ (y)| = e~ H Mz —y| — (1 —e~"1) (ﬁft] Wea(p(s,:),0'(5,-)) + W) '

Take now mo€ll(pg,p;) and observe that m:=(¢ X P;)F#me satisfies m €
(p(t,-),p'(t,")). Consider the set Ej:={(z,y) €R? | |x—y|>k} and observe that it
holds

mi(Be) =m0 ({(@1(@),049) | le—yl >k} <mo ({(@.9) | lo—yl>F}),

with Jri= e F = (1= e H) (sup,cjo g Woe (5(5,), 7/ (5,7)) + Lrptdit ).

If k> Coo(mo), one has m ({(Jc,y) | |le—y| >k }) =0 by definition of Cuo(mp). This
implies that m;(Ey) =0 for all k satisfying

k> oLl - Lit| _q (55,7 (s,- [w—w'| L2
> Co(mo) + (e ) s?ﬁ)ﬂw (p(s:7),0' (s, ))+7Tv(w,) ;

hence

T oLt - eIt _ 1 5(s.). 5 (s.- lw—w'||
Coo () < M1 (o) + (M - 1) (SG[O%WOO(/)( D8N+ ) (3.9)

By recalling that Weo (p(¢,-),p'(t,")) < Coo () by definition, and passing to the infimum
among all transference plans 7y € II(pg, pj) on the right hand side of (3.9 , we find (3.8 .
O

3.3. Proof of Proposition

We first prove existence of a solution of for small times, via convergence of an
explicit Euler scheme. We then prove uniqueness of the solution.
PrROPOSITION  3.11. Let (H) hold, and T>0 be fized, with T<

(eLip(v)TV (w)||poll =) """ For each meN, consider the following trajectory
p € CO([0,T]; L NP2 (R)):
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hd pn(ov) = pos
P (k27T +1,-) := ¢ 4 p" (k27 "T,-) for t€[0,27"T] and k=0,1,...,2" —1,
where ¢f’k is the flow generated by the vector field

sty ([ o2 Tty o)y

Then, there exists a subsequence converging to p* € C°([0,T]; L NPI(R)) that satisfies
p*(0)=po and is a weak solution of

8tp(t,x)+8x(V[p(t)] (x)p(t,x))zo, (310)

where

V() (x)=v ( / p<t,y>w<y—x>dy) |

Moreover, p* satisfies ||p*(t)|| L= <e|lpollr= for all t€[0,T].

Proof. Observe that (3.5)) together with boundedness of v implies that the sequence p™
is equibounded and equi-Lipschitz in C°([0,7];P.(R)). Then the Ascoli-Arzela theorem
implies the existence of a converging subsequence, that we denote again with p. We
denote the limit with p*, that satisfies p*(0) = po and p* € C°([0,T]; P.(R)).

Observe that P.(R) is complete with respect to the W, distance, but this is not
the case for L NP (R). Then, we now prove that p*(t) € L= NPX(R) for t<[0,T],
by proving that sup,co 7nen[lp" ()][Le <+oo for T'< (eLip(v)TV (w)||po||~)"" and
applying Lemma Denote a} :=||p"(k27"T,-)|| = and observe that (3.6)), together
with the definition of p™((k+1)27"T),-) as function of p™(k2~"T,.), gives the following
recurrence rule

CLZ+1 SaZeZ’"TLip(v)TV(w)aZ’
where we have set af = ||po||~=. We now prove by induction that a} <e||po||r for all
k<2". We clearly have ay <|[po||z. Assume that a satisfies a <e|po|/r= for all
7 <k. Then we have
ajyy <a”e2 "TLip(v)TV (w)aj <a”e2 " for j=0,...,k,
that in turn implies af, ;< aper? " <eap for k<2 This implies

SUP,en k={0,1,....2%} [|P" (k27T )| L <el[po| Lo~
Due to Lipschitzianity of the L> norm given by ., we have

o™ (t,) || o < eLip(v)eroI\LooTV(w)T"TerO||L°O7

that in turn implies limsup,_ . [|p"(t,")||Le <el||po|lLe for all t€[0,T7]. Then, by
Lemma we have p*€C%([0,T);L°NPX(R)) and ||p*(t,")|| L= <e|lpo|lL= for all
te[0,7).

We now prove that the limit p* is a weak solution of (3.10). Let ¢ € C°((0,T) x
R;R): we need to prove that

/ / ( (t,2)9:(t,) +v </P*(tay)w(yx)dy> P*(t,w)az¢(t,x)> dwdt=03.11)
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Since by construction of p™ the following identity holds
T
/ /(Pn(tvx)8t¢(t7$)+Vn,k($)pn(t,x)6,;¢(t,x)) drdt=0,
o Jr

we prove (3.11)) by proving the following three limits:

T
nliﬁrrolo/O /R(p*(t,x)—p”(t,x))é‘tqﬁ(t,x)dxdtzo; (3.12)
[ ' / ( ( / p*(t,y>w<y—x>dy) —vmk(x)) 7 (1,2)026(1,2)dirdt =0; (3.13)
lim. /0 ' /R Voo (2) (0% (1,2) — ™ (1)) D (b, ) davdt = 0. (3.14)

Observe that convergence of p™ to p* in C°([0,T]; L>° NP%(R)) implies the existence
of a sequence &, —0 such that sup,co 7 Woo(p"(t,7),p"(t,7)) <en . Also recall that
197 (t, )12 < ellpoll = for all £€ (0,77,

To prove (3.12)), observe that for each ¢ € [0,7] the function d,¢(t,.) is a BV function,
hence there exists C1 :=sup,cjo TV (9:¢(t,.)) <+o00. Then, by Lemma it holds

/

that provides (3.12)). To prove (3.13]), observe that for each n there holds

T
dt < / enCielpoll .
0

/R (5" (t,2) — " (t,2)) Du(t,) dx

sup |v </p*(t,y)w(y—x)dy) ~Va(z)
te[0,T],zeR
<Lip(v) sup [ k2 T ) = (k2 L) wly )y
ke{0,...,27»—1},t€[0,2—"T],z€R
<Lip(v) sup Weo (p* (k27" T +t,-),p" (k27 "T,-)) TV (w) el pol| o
k€{0,...,2n —1},t€[0,2-"T]
<Lip(v) (27" Tsup(lo]) + &) TV (w) el poll v (3.15)

where we used Lemma |3.5| and the triangular inequality

Weo (p* (k27" T +1,-),p" (k27 "T,+)) < W (p* (k27" T +t,-),p* (k27 "T,")) +
Weo (pn(k2inTa ')7pn(k27nT7 ))

and (3.5). Then, going back to the left hand side of (3.13), observe that ||p*(t,)|| L= <
e|lpol| L~ and integrate on the bounded support of 9,¢. By passing to the limit in (3.15)),
we have (3.13)).

Finally, to prove , observe that Proposition provides Lipschitzianity of
Vi,k, with uniform Lipschitz constant Lip(Jv|)TV (w)e||pollze. Also, ||Vykllc, is uni-
formly bounded by ||v||s. Since one has Lipschitzianity and boundedness of 9,¢ too,
we have uniform Lipschitzianity of V,, ;0,¢. This property, together with boundedness
of the support, implies uniform bounded variation, i.e. the existence of C5 such that
for all n,k it holds TV (V,, 0,¢) < C2. Then, Lemma provides

/RIVn,k(w) (p"(t2) = p"(t,2)) Do p(t,2) | dr <Weo (p* (t,2), 9" (,2)) Ca el pol| e <enCae|lpol| L=
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By integrating with respect to time and passing to the limit, we have (3.14)). O

REMARK 3.12. It is interesting to observe that one can have blow-up of the density for
solutions of . A simple example is given by w=x0,1], v(x) =2 and po=X[-1,0]-
Indeed, observe that the vector field V [po] is a non-negative and non-increasing function
satisfying V' [po] (0) =0. The evolution p(t) has then support contained in [a(t);0] for all
times in which it is defined, with a(0)=—1 and a(t) > —1. Observe that V [p(t)](a(t)) =

fa((tt))H (t)dw)=v(1)=1. Then a(t)=—1+t. This implies that ||p(t)| =~ > (1—t)~!
hence ||p(t)|| Lo — 00 for t—1.

This is in sharp contrast with the case of solutions of with Lipschitz kernels
w. Indeed, in this case hypotheses of Theorem are satisfied, then one has existence
and uniqueness of the solution for all times. Moreover, when the initial data pg is a
probability density in P2(RY), then it keeps being in P(RY).

We are now ready to prove existence and uniqueness of the solution, i.e. Proposition

Proof of Proposition . Choose T < (eLip(v)TV (w)||pollz~)"" and apply Propo-
sition BT to have existence of a solution. Assume now to have two solutions
p,p €CY([0,T]); L NP2(R)) and define the time-dependent vector fields V;,V]/ as fol-

lows:
V= ( [otnee-aa). Ve [Fepui-oi).
Then p,p’ clearly coincide with the solutions p,p’ of

Oup(t, ) +0u(Vi(x)p(t,2)) =0, Opp'(t,2) +0:(V{ (2)p' (t,2)) =0,

respectively, with initial data pg.

We prove uniqueness by contradiction. Let to:=inf;cpo, 7 {Woo(p(t,-),0'(t,-)) >0}
be the first time in which p,p’ do not coincide. By applying Proposition starting
from tgy, we have

Wao(p(to+s,-),0 (to+s,-)) < (el¥—1) sup Wao(p(to+5,-),7 (to+5',-)), (3.16)

s'€[0,s]
that implies sup (0, Woo (p(to+5,-),0 (to+5,-)) < (e —
D)supgeqo,g Woo (p(to+5,+),0' (to +5,°))- By choosing t< ln(Q) we  have
Woo(p(to+s,-),p (to+s,-)) =0 for all s€[0,t], that implies
f {We '(t,-)) >0} >t
B (W plt,)./(4,) >0} > b,
which gives a contradiction. O

Finally, we prove continuous dependence on the interaction kernel and on initial
data for the solution of (3.10].
PROPOSITION 3.13. Let (H) hold. Let

T < (eLip(0) TV (w) max{ | po|l ==, Il .= }) "

and p,p’ be the unique solutions of the Cauchy problems

{8tp(t,$)+8x(V[p(t)](x)p(t,x))=0, {@p(, )+<9( "o ()] (z)p' (t,2)) =0,
p(0,-) = po '(0,-)
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where

Vil = ( [otpu-aa). Vi@ =o( [seio-aa).

Then it holds
|w—w'|[z

WOO(p(t’ '),p/<t, )) < e4eLtWOO(p07p6) + (646Lt - 1) TV(w) ’

(3.17)
with L=Lip(v)max {|poll =TV (w), |yl TV (w')}.

Proof. We apply Proposition [3.10] with p=p and p'=p". Moreover,
since T < (eLip(v)TV (w)max{ || pol| =, ||pol =) ", there holds [|p(t,-)|| L~ <ellpoll Lo,
10" (t, )L <e|lppll L for all t€[0,T]. Then (3.8)) reads as

/ eLt / eLt / ||U)*’LU/|| 1
Woo(p(tv')vp (tv')) <e o Woo(p07p0)+(e L _1) <szl[t)l?t]woo(p(t’.)7p (t7>)+TV‘(w)L>

with L=Lip(v)max{|po|lze=TV (w),||pplle=TV(w')}. By applying the Gronwall
lemma, we have (3.17)). O

4. Finite dimensional approximation: the micro-macro limit

In this section, we describe a finite-dimensional approximation for the solution of
, that may serve as a numerical scheme to compute such solution.

We first define a Lipschitz approximation wy for the interaction kernel w.
DEFINITION 4.1. Let >0 be fived, and w:[0,n] —RT be a non-increasing C* function
such that [ w(z)dz=1. We define w;:R—RT as follows

wOEE i we =50
we(z) = wm) P2 i pe g+ Y
0 elsewhere.

We also define a discretization [u]" of a given probability density u€P*(R). As
stated at the beginning, the same idea can be adapted to any density p€ M?(R), not
necessarily of mass one.

DEFINITION 4.2. Let p€P(R) and n€N be fized. Define {x1,...,2,} as follows

xlzsup{xeR | ffood,u<%},

. ) . (4.2)
:cH_l:sup{xE]R\ fz_du<5}, fori=1,....n—1,

and
T (4.3)

Observe that [u]" € P*(R), hence convolutions with discontinuous kernels are not well
defined. We now prove some simple properties of the discretization [u]".
PROPOSITION 4.3. Let € P%([a,b]) and n€N be fized, and the x; and [u]" defined as

m . Then it holds

. . —1
i — ;] > i =l (nllpllee) (4.4)
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and

b—a
—-

Wi (p,[1]") < (4.5)

Proof. Assume i>j and observe that it holds

|i =4l

Zq
:/ dp < (i — ;) |t e
xT

J

that gives (4.4). To prove (4.5), define z¢:=a and divide the interval [zg,2,]C [a,b]
in the n intervals [zo,z1],[z1,22],...,[Tn—1,%s]. Observing that each of the intervals
contains a mass of %, we have

(b—a).

S|

e 1 1
Wi (s [1]") <D W7 (MX[x,;l,xi],n%) §Z*(fﬂi—$i71)25($n—$o) <
i=1 7

g

We are now ready to define the approximation [p]" of the solution p of (L.I)).
DEFINITION 4.4. Let v:[0,1] = R™" be a Lipschitz and non-increasing function wit}ﬂ
v(1)=0. Let n>0 be fized, and w:[0,n] >R be a non-increasing Lipschitz function
with [ w(z)dz=1. Let pg€ L®NPI(R ) be given.
Fiz nEN and choose the constant £, := (n||po||r~)""t. Define [p(t)]" as

n

O == 00,0y, (4.6)

i=1

where {x1(t),...,z,(t)} is the unique solution of the finite-dimension dynamical system

=(0)
= ( e " we, (x xl)> fori=1,...,n—1, (4.7)

Ti,0 fori=1,...,n,

where the z; o are given by the discretization of po, i.e. [po]" =131 164, It is
clear that the solution of (4.7)) exists and is unique for all times, due to the Lipschitzianity
of wy, . Also remark that [p(¢)]" is the unique solution of the following transport equation

{& l@)]" (x) +0x ([p(®)]" (@) v ([we, (y =) d[p(®)]" (v))) =0,
[p(0)]" = [po] "

The proof of such identity is direct, by rewriting the interaction kernel [wy, (y—
z)dp™(y) in the case of u™ given by (4.6)).

The main result of this section is the following convergence result, that will be
proved in Section
THEOREM 4.5. Let v:[0,1] = RT be a Lipschitz and non-increasing function with v(1) =
0. Let n>0 be fived, and w:[0,n] =RT be a non-increasing Lipschitz function with
Jo w(z)dz=1. Let py € BV (R;[0,1]) with compact support and [ po(z)dx=1.

(4.8)

2We extend v with the convention v(z)=0 for z > 1.
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Fiz any T>0. Then, for each n€ N, the approzimation [p(t)]" given by (@
is defined in C°([0,T);P.(R)) and it satisfies [p(t)]" — p(t) for n— oo, where pe
CO([0,T);Po(R)) is the unique solution of the Cauchy problem

T+n _ _
{8tp+8x (pv (fz p(t,y)w(y x)dy)) 0, z€R, >0, (4.9)
p(0,2) = po(), z€R.
In particular, p is defined for all times t >0, and it satisfies
0<p(t,z) <max{po} for a.e. xeRt>0. (4.10)

REMARK 4.6. [t is interesting to observe that the convergence of [p(t)]" to the actual
solution p(t) cannot hold in the L' norm, since the approximations [p(t)]" are sums of
Dirac deltas, hence not belonging to L'.

Instead, the proof given below shows that the convergence can be metrized by the W
distance. Moreover, convergence is ensured with respect to all Wasserstein distances
Wy, whose definition is recalled in Section @ Then, estimates of the error between the
approzimated solution [p(t)]" and the actual solution can be established with respect to
such metrics. See [30)] for examples of the use the Wasserstein metric in error estimates
for numerical schemes.

Before proving Theorem we address some properties of the finite-dimensional

problem (4.7)).

4.1. Preservation of the minimal and maximal distances

In this section, we prove that, when the initial minimal distance among agents for
the model is larger than or equal to ¢, then it keeps being larger than or equal to
¢ for all times.
PROPOSITION 4.7. Let £ >{,, be fived. Consider a sequence 9 <29 <...<x% and denote
with x(t)=(x1(t),...,2n(t)) the unique solution of . If 29 =29 | >0 for all i=
1,...,n, then it holds x;(t) —x;—1(t) > € for all times ¢t > 0.
Proof. We prove that x; —x;_1 =/ implies @; —&;_1 >0, that clearly gives the result.

If i=n, we have &, =v(0) =max,cjo,1)v(0) > &, 1. For i <n, we have

1 1<
’J.S'i*i'i_l =V | — E 'Ll}gn(.%jf’l}i) -Vl — E wgn(xj—xi_l)
n < n“
Jj=1 Jj=1

Since v is a non-increasing function, we have &; —&;_1 >0 if and only if

1 n 1 n 1n+1
ﬁ Z;’UMH (J?j —l‘i) S Ez;’LUgn (.Ij _xi—l) = E z;wg(a:j_l _-Ti—l)- (411)
J= J= J=

For j <i, we have both z; —x; <—¢ and x;_1 —x;—1 < —¢, thus wy, (z; —z;) =w(z; —
J)l) =0 and Wy, (l‘j_l —l‘i_l) :w(xj_l —J?i_1) =0.

For j=i we have wy, (z; —x;) =wy, (x;—1 —x;—1) =we, (0) =w(0). Then, we can
restrict ourselves to j >i. Condition (4.11]) is verified if for each j=1i+1,...,n we have

wgn(ilfj7.’Ei)§wgn(xj_1fl’i_1). (412)

Since z; —x; >0 and x;_1 —x;—1 >0 for j>¢ and wy, is non-increasing in [0,+o0] as a
consequence of the fact that w is non-increasing in [0,7)], condition (4.12)) is equivalent
to T —x; > ®j_1 —®i—1, i.e. T; —xj_1>x; —xi—1 =4, which is true by hypothesis. [
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The above property is the discrete counterpart of the maximum principle (4.10).
The symmetric result is also true, with a similar proof.
PROPOSITION 4.8. Let L>{, be fized. Consider a sequence 29 <x3<...<z and
denote with x(t) = (x1(t),...,2,(t)) the unique solution of . If 29— 29 | <L for all
i=1,...,n, then it holds x;(t) —x;—1(t) <L for all times ¢t >0.

Observe that, due to the compact support of the solution, the minimum value of the
density is always zero, and Proposition does not allow to recover a finer minimum
principle as in [8] 21].

4.2. Convergence to the solution of

We now prove Theorem We combine estimates for solutions of the finite-

dimensional problem with estimates for solutions of the transport equation with
a Lipschitz interaction kernel and with estimate for solutions of the transport
equation with a BV interaction kernel .
Proof of Theorem[{.5 The idea of the proof is to prove convergence of the approximate
solution [p(t)]" to the solution p of by proving intermediate convergence results,
divided in four steps. In the first step, we restrict ourselves to a subsequence of [p(t)]"
admitting a limit p* in C°([0,T]; L°NP2(R)). In the second step, we define a finite-
dimensional approximation [p(t)]" and prove that [p(t)]" and [p(¢)]" have the same limit
p*. In the third step, we define an approximation p" in P%(R) and prove that [5(¢)]"
and p™ have the same limit p*. Finally, in the fourth step we prove that the limit of p”
is exactly p, first for small times and then for any time.

Step 1. Fix any T>0. We prove that the sequence [p(t)]" € C°([0,T];P.(R))
admits a subsequence (that we do not relabel) with a limit p* € C°([0,T]; L= NP (R)),
that moreover satisfies ||p* (t)|| L < |lpollLe-

Fix [a,b] an interval containing the compact support of pg. Then, by construction
of [p(0)]" =[po]", we have supp([p(0)]")C[a,b]. Due to boundedness of v, we have
both supp([p(t)]") C [a—T'sup(v),b+T'sup(v)] and Weo ([p(t+5)]",[p(t)]") < ssup(v) for
all t€[0,7] and n€N, i.e. equiboundedness and equi-Lipschitzianity of the sequence
[p(t)]™ with respect to the W,.-distance. Then, eventually passing to a subsequence,
there exists a limit p* € C°([0,7];P.(R)), that has both uniformly bounded support and
uniform Lipschitz constant. From now on, the sequence of indexes n is always replaced
by the subsequence with limit p*.

We now prove that ||p*(¢)||ze <||pollze=. This is equivalent to prove that for each
interval [a, 8] CR it holds ff p*(t)dx <||po|lLe= (8 — ). Observe that convergence in W,
implies weak convergence of measures, then [p(t)]" — p*(t). For each ¢ >0, consider a
function ¢. € C*°(R,R) with support in [a—¢, 5 +¢] such that ¢.(x)€[0,1] for all  and
¢e(x)=1 for z €[, 3]. Observe that, by definition of [p(t)]", for each fixed ¢ it holds

/ be@ O (@)= Y bu(mlt) <

n
zi(t)€(a—e,fte)

18—a+2e

n b,

where we used the fact that the number of z;(t) in the interval («—¢,8+¢) is bounded
from above, by preservation of the minimal distance £,, = (n||po|| =)', see Proposition
By replacing ¢, in the last term, by recalling that [p(t)]" — p*(t) and observing
that ¢e > X[a,g], for each fixed ¢ we have

B
/ dp* (t,2) < / b-(2)dp (t,2) < [|poll e (B — 0+ 22).
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By passing to the limit for € — 0, we have that p* € L NP (R) and it satisfies

1" ()]~ <llpoll >~ (4.13)

Step 2. We now define [5(¢)]". For each n, consider the approximated kernel w,y,,
with m,, :=In(n)~1. Then, define [p(¢)]" similarly to [p(¢)]", as follows:

PO =~ 60,

i=1

where {y1(t),...,yn(t)} is the unique solution of the finite-dimension dynamical system

{y'iv<;zy—1wmn,(yjyi)) fori=1,...,n (4.14)

Y:(0) =240 fori=1,...,n,

and the z; o are given by the discretization (4.2 of po, i.e. [po]" =2 3" | 5, ,. Remark
that, similarly to (4.8)), [5(¢)]" is the unique solution of the following transport equation

{Bt ()] () + 85 ([6(D]" () v (f win, (x —y)d[p()]" (4)))) =0, (4.15)
[p(0)]" = [po]"- '

We now prove that, for each T'> 0 it holds lim,, oo Sup,c (0,71 Weo ([0(£)]", [5(£)]™) = 0.
This implies that the limit of both [p(t)]" and [p(¢)]" is p*. For each n, we de-
fine 7' (t) :=sup,eo 4 [7i(s) —yi(s)| and €"(t) :=max;—1 ., (t). Observe that we have
Wa([p(®)]",[p(t)]") <e™(t), by choosing the transference plan sending z;(t) to v;(t).
Also observe that £'(0) =e™(0) =0, since the initial data coincide.

Observe that the initial data satisfies 29, | —2? > ¢,,, then Proposition for
with kernel wy, gives x;1(t) —x;(t) >¢,. The property does not hold for y; for big n,
since m,, > £.,.

We now estimate the evolution of €}'. By the definition, we have €)' =0. By bound-
edness of v, we have €' (t+s)—el(t) <2sup(v)s, hence the €' are Lipschitz function.
By definition of the dynamics , we have

er< Lip(v)% Z [we,, (25 (t) = 24(t)) —wm, (y;(t) —yi(t))]. (4.16)

It is clear that y;(t) —y:(t) =€} (t) —ef (t) +x;(t) —x:(t), hence y;(t)—yi(t) € [x;(t)—
xi(t) —2e™(t),x;(t) —x;(t)+2e™(t)]. For any fixed index 7 and for each time ¢, we divide
the indexes j in the following five sets:
e jis such that ;(t) —z;(t) € | —0o,— &= —2¢"(¢)]. In this case, both z;(t) — z;(t)
and y;(t) —y;(t) are in the interval | —oo,—™2], for which it holds wy, (z;(t) —
25(6)) =0, (35(8) — 43 (£)) =0.
e j is such that x;(t) —;(t) € (— 22 —2e"(t),2¢™(t)). In this case, we simply
estimate

|we, (2(t) =2i(t)) = wm, (y;(t) —yi(1))| <w(0).

Observe that |z;(t) —x;(t)| > |j —i|¢,, hence the number of indexes j in this set
is smaller or equal than #E(t)_
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o j is such that x;(t) —x;(t) € [2e™(t),n—2¢™(¢)]: in this case both x;(t) —z;(t)
and y;(t) —yi(t) belong to the interval [0,7], on which w,, and w,,, coin-
cide with w, that is Lipschitz. Hence |wy, (2;(t) —2;(t)) — wm,, (y;(t) —vi(t))]| <
2Lip(w)e™(t). In this case the number of indexes j in this set is strictly smaller
than ;-

e j is such that x;(t) —x;(t) € (n—2e"(t),n+ "= +2"(t)). Similarly to the sec-
ond case, we estimate |wy, (x;(t) —x;(t)) —wm, (y; () —y:(£))] <w(0) and ob-

serve that the number of indexes j in this set is smaller or equal than w.

e j is such that z;(t) —z;(t) € [n+ Z* +2e"(t),+oo[. Similarly to the first case,

we have wy, (;(t) —zi(t)) = wm, (y;(t) —yi(t)) =0.
By using the previous decomposition of the indexes in (4.16[), we have

T 4en (1)

(1) <Lip(v) - (2w(0) -

+2Lip(w)e" (t) ZL> .

Taking the supremum over €7, and recalling that £,, = (n||po|| =), we have
g™ (t) < Comy, +Che™(t)

with Cy:=Lip(v)w(0)||poll=, C1:=Lip(v)||poll L= (8w(0)+2Lip(w)n). Since £™(0)=0
and the constants Cy,C7 do not depend on ¢, the Gronwall estimate gives

C C
e™(t) < —Omneclt =20 Ot

Cl Cl ln(n)

This implies Wao ([p(t)]", [p()]") < CIICTO(H)eclT for all times t € [0,7]. Then, the limit of
)" is p*.

Step 3. Choose again [a,b] any interval containing the support of the initial datum
po, and fix any 7' > 0. We define p" € C°([0,7]; L= NP2(R)) as the solution of with
initial data py when replacing w with w,,, . Since w,,, is Lipschitz, we have existence
and uniqueness of p™ for any ¢ €[0,7] thanks to Proposition

Fix now T3 < (32Lip(v)w(0))~!. We now compare [p(t)]" and p™(t) on the interval
[0,T7], by observing that they are the solution of the same equation

0un+0c (o [0, tr-2)duts)) ) =0, (4.17)

with different initial data, that are [5(0)]" =[po]" and p™(0,-) = po. Since (4.17) satisfies
the hypotheses of Proposition [2.15] we have

Wi ([p(t)]",p" (t)) < eBHPIERwma ) Tuy7y ([pg]™ pg) < ! LRI OIMITaTE, ([po]™ | pg) <
nb_ a b—a

n N
w(0)

for a sufficiently big n, for which it holds Lip(wp,, ) <2~ <2w(0)In(n). We also used
to estimate the initial distance. Then, [p(¢)]" and p" have the same limit in the
interval [0,7}].

To prove the result for the initial interval [0,77], subdivide it in intervals [kT7,(k+
1Ty] with k=0,1,...,4 —1. Then, by induction one can prove Wi([p(t)]",p"(t)) <
32Lip(v) w(0) T (b—a)

<

. As a consequence, the limit of p™ is p* on the whole interval [0,T7].
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Step 4. We now fix T < (eLip(v)TV (w)|| ol =)~ and study Wa (o™ (t),p(t)). In
this case, we observe that both p™ and p are solutions of an equation of the form
with different interaction kernels w,,, and w respectively, and the same initial data pg.
Observe that, by the particular structure of w and of its approximation w,, , it holds
TV (w) =TV (wp,, ) =2w(0) and ||wy,, —w|/p1 < %(0). Then, by Proposition we
have

| wm,, —wl| L

Tv(w) < (e4eLT _ 1)

Weo(p" (t),p(1)) < (e*F* ~ 1)

My, et—1
< 9
4 ~4ln(n)

with L =2w(0)Lip(v)||po|| 1. This implies that p=p*, i.e. convergence of [p(t)]" to p
in the interval [0,T].

Going back to Step 1, we recall that we chose a converging subsequence of [p(t)]",
and we proved that the limit of such sub-sequence is p, which is the unique solution of
(1.1). Then we have that the whole sequence [p(t)]" converges to p, in the time interval
[0,7] with T < (eLip(v)TV (w)]|po|| o) "

We now prove that p* =p in the time interval [0,7] for any 7' >0, and in particular
that a solution for exists (and is unique) for all times. For T'>0 fixed, divide
the interval [0,7] in intervals [kT”,(k+1)T"] with T < (eLip(v)TV (w)||pollp~)"" and
k:O,l,...,%—l. Then, the previous results show that p*=p in [0,7']. This also
implies

lp(T) Lo =1lp"(T") | L < [l ool o, (4.18)

where we used estimate . Observe that T’ satisfies hypotheses of Proposition
taking p(7T"”) as initial datum: this gives existence and uniqueness of the solution of
on the time interval [T”,27"], that coincides with p* on the same interval, and for which
it holds ||p(27")|| L= < ||po|| L= By induction, we have p* = p on the whole interval [0,7T],
that also gives ||p(t)||Le <||po|lL= for all t€[0,T], i.e. condition p*(¢t,z) <max(pg) a.e.
for t€[0,7],x €R. O

4.3. Numerical simulations
We conclude this section about finite-dimensional approximation of with some
numerical tests to illustrate the efficiency of the method. Let us consider problem
with velocity function v(y)=1—y and initial datum
o) = {0.8, if ~0.5 <2< -0.1, (419)
0, otherwise.

We consider both constant w=1/n and linear decreasing w=2(n—x)/n? kernels, with

17=0.1. We apply the discretization procedure (4.1)), (4.2), (4.3)), (4.6)), (4.7) for increas-

ing values of the system size n=100, 500, 1000. For better visualising the result, we
plot the corresponding piece-wise constant Lagrangian density [14] [I7]

1
Torr (8) =y (1) Lm0

and we compare it with the approximate solution computed by Lax-Friedrichs scheme
with space step Az =0.0002, see [8 21] for details on the scheme.
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Figure [£.1] shows the result of numerical integrations corresponding to the constant
convolution kernel w=1/n. We can observe that the discontinuities are sharply cap-
tured, but the particle method suffers of spurious oscillations due to numerical errors
in the solution of the stiff ODE system , related to the big Lipschitz constant of
the regularised kernel in the interval [0,n7+¢/2] (we have used the MATLAB ODE
solver ode23tb to solve system ([4.7))). These oscillations are no more present in the case
of the linear decreasing kernel w=2(n—x)/n?, see Figure Indeed, the behaviour of
the kernel in the interval [—£/2,0] has no impact on the resolution of system , since
the minimal distance between particles £=1/n is preserved.
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x x
(a) Particles trajectories for 0<t<0.5 (b) Density profiles at t=0.5
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FiG. 4.1. Approzimate solutions pn to (L.1), (4.19) with kernel wy(x)=1/n obtained by the particle
method with n=100, 500 and 1000 particles, and the corresponding Laz-Friedrichs approximation for
Az=0.0002.
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