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A UNIVERSAL GAP FOR NON-SPIN QUANTUM CONTROL

SYSTEMS

JEAN-PAUL GAUTHIER AND FRANCESCO ROSSI

Abstract. We prove the existence of a universal gap for minimum time con-

trollability of finite dimensional quantum systems, except for some basic rep-
resentations of spin groups.

This is equivalent to the existence of a gap in the diameter of orbit spaces

of the corresponding compact connected Lie group unitary actions on the Her-
mitian spheres.

1. Introduction

In this article, we consider finite dimensional quantum control systems (Σ), i.e.:

ẋ = Ax+

p∑
i=1

Bix ui(Σ)

where x ∈ Cn, ui ∈ R and A,Bi are skew-adjoint matrices.
In several relevant applications in quantum control, the drift A represents the

(n-dimensional) Schrödinger dynamics of the system and the Bi’s are the laser
controls. See examples in [1, 3, 18, 19].

The unit of time is the “time of the drift”, i.e. we assume that ||A|| = 1, where
the norm is the standard matrix norm associated with the Hermitian norm over
Cn, i.e. ‖X‖ =

√
< x, x > with < x, y >= x′ȳ.

In quantum dynamics, the state x evolves on the unit (real) sphere S2n−1 ⊂ Cn.
The minimum time T (Σ) of the system (Σ) is defined as the supremum of the
minimum times necessary to connect two points of the unit sphere S2n−1 with
trajectories of (Σ), corresponding to arbitrary L∞ controls ui(t). In other terms,

T (Σ) = sup
X,Y ∈S2n−1

inf{T ≥ 0 s.t.(1.1)

γ(0) = X, γ(T ) = Y, γ trajectory of Σ}.

If the system (Σ) without drift is controllable, it is clear that T (Σ) = 0. Othe-
wise, one needs to take into account the time of the drift to ensure controllability
of the system. A conjecture, due to Andrei Agrachev (oral communication), is the
following:
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Conjecture 1.1. There exists a universal gap δ > 0 for the minimum time, i.e.
whatever the dimension n, and whatever the quantum system (Σ), either T (Σ) = 0,
or T (Σ) ≥ δ.

For more details, see Section 5.1. Our goal in this article is to prove a first result
towards the complete proof of this conjecture. Before stating the main theorem,
we define the diameter of orbit spaces.

Let G be any connected Lie subgroup of U(n), the unitary group over Cn. The
diameter D(G) is the maximum distance in Cn of two G-orbits in S2n−1, i.e.

D(G) := sup
X,Y ∈S2n−1

inf
g,h∈G

‖gX − hY ‖.

Our result shows that D(G) is universally bounded from below, except for tran-
sitive actions (for which D(G) = 0) and in the following cases, that we call the
BS-actions.

Definition 1.2. The action (G, ↪→) on S2n−1 is a basic spinor action (BS-action

for short) if some G̃ is a covering of G with covering homomorphism Π and satisfies:

(1) G̃ = T ×H where T is a torus and H = Spin(m) is a spin group for some
m;

(2) Φ̃ = Φ ◦ Π is the tensor product representation Φ̃ = χ ⊗ Φ′, where χ is a
character of T and Φ′ is a basic spin representation of H.

Following the terminology by Dynkin from his paper [8], we call basic represen-
tations the irreducible representations that are not Cartan products.

We recall that the basic spin representations of Spin(m) are the basic irreducible
representations of this group that are not representations of SO(m). If m = 2k+1,
there is a unique such representation and it has dimension 2k. If m = 2k, there are
two representations, usually called the half-spin representations, both of dimension
2k−1. See e.g. [10, p. 312].

The main result of the article is the following.

Theorem 1.3. There is a universal gap δ′ > 0 for the diameter of unitary actions,
except for BS-actions, i.e.: for any Lie group G which action on S2n−1 is not a
BS-action, it holds either D(G) = 0 or D(G) ≥ δ′.

The connection between Agrachev’s conjecture and Theorem 1.3 is described in
Section 5.1. A similar conjecture relative to isometric group actions on spheres is
proposed in [14]. Other related references are [7, 12, 13, 15, 16, 17]. There is also
a preprint with a proof of a result that is stronger than Theorem 1.3, but with a
completely different and much longer proof. See [11].

Concerning [15, 16], for closed (finite or infinite) groups, a lower bound ε(n) is
found in [16], which depends on the dimension n, while in [15], the lower bound√

2−o(n) is proven for finite isometric real group actions. But this does not impact
on the problem for infinite groups, see [15, Note 3].

Remark 1.4. In all the papers just cited, some lower bounds are smaller than

the bound
√

2−
√

2 that we compute below. There is no contradiction here: we
consider complex unitary actions only.

We also provide a simple estimate of the constants δ and δ′ in the following.
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Corollary 1.5. If the dimension n of (Σ) is not of the form 2k nor in the set1

E := {1274, 273, 26, 2925, 27, 351, 912, 56, 1539, 27664, 365750, 8645,

147250, 72912, 24502400, 5121384450, 87587590464, 6696000, 3875},

then it holds either D(G) = T (Σ) = 0 or

D(G) ≥
√

2−
√

2, sin

(
T (Σ)

2

)
≥
√

2−
√

2

2
.

Our proof consists of several successive reductions of the problem. First, in
Section 2, we give first estimates about the diameter. Then, in Section 3 we reduce
the problem to basic irreducible representations ofG, whereG is a classical compact,
simple, simply connected Lie group. In Section 4, we study basic representations
of the classical groups, except for basic spin representations of spin groups. Section
5 contains the proof of our main results. We collect technical lemmas in Appendix
A.

2. Estimates for the diameter

In this section, we find first estimates about the diameter D(G). We first observe
that, by invariance of translations in Lie groups, it holds

(2.1) D(G) = sup
X,Y ∈S2n−1

inf
g∈G
‖gX − Y ‖.

We first find a universal gap for reducible representations. We then study irre-
ducible representations.

2.1. Reducible representations. We first prove the following result.

Proposition 2.1. Let Φ be a unitary representation of the group G, which realifica-
tion is reducible. Then, the diameter satisfies D(G) ≥

√
2.

Remark 2.2. This also covers the cases of Φ being a real representation (e.g. adjoint
representations), or reducible as a complex representation.

Proof. LetH1, H2 be two (real) orthogonal subspaces, being invariant for Φ. Choose
X ∈ H1 and Y ∈ H2, for which it holds

|Φ(g)X − Y |2 = |Φ(g)X|2 + |Y |2 = 2

for any g ∈ G. �

From now on, we will then consider irreducible representations only. We will
also use this estimate for real representations in Section 4.2, for some basic repre-
sentations of the groups Bn, Dn.

1We have two basic representations of E6 in each of the dimension 27 and 351.
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2.2. Irreducible representations. In this section, we define a new problem for
the pair (G,Φ), with the goal of estimating the diameter D(G).

Recall that D(G) satisfies (2.1). Observe that it holds

‖gX − Y ‖2 = ‖gX‖2 − 2Re < gX, Y > +‖Y ‖2.

Then, recalling that ‖gX‖ = ‖Y ‖ = 1, it holds

(2.2) D(G)2 = 2 sup
X,Y ∈S2n−1

inf
g∈G

(1− Re < gX, Y >).

Define now

R(G) := inf
X,Y ∈S2n−1

sup
g∈G

Re < gX, Y >,

M(G) := inf
X,Y ∈S2n−1

sup
g∈G
| < gX, Y > |,

It is clear that M(G) ≥ R(G) and that

R(G) ≤ 1− (δ′)2

2
⇔ D(G) ≥ δ′.

Then

(2.3) M(G) ≤ λ < 1 ⇒ D(G) ≥
√

2(1− λ).

The goal of the paper is to prove that, except for BS-actions, it either holds
D(G) ≥

√
2 or M(G) ≤ λ < 1 for a universal λ. Then, formula (2.3) provides the

proof of Theorem 1.3.

3. Reduction to basic representations of classical compact simple
Lie groups

In this section, we reduce our problem of finding an upper estimate for M(G) to
the case of non-BS actions of the classical compact simple Lie groupsAn, Bn, Cn, Dn,
by a series of successive simplifications. We first consider the following simplifica-
tion on the structure of G.

Simplification 3.1. G is compact and Φ is irreducible.

Proof. We assume that Φ is irreducible, otherwise we apply Proposition 2.1 to find
a lower bound for D(G). Recall that G is injectable in the compact group U(n).
We now apply the following theorem, due to Weil. Observe that connectedness of
G is crucial here.

Theorem 3.2 ([6] 16.4.8). Let G be a connected, locally compact group. Then G
is injectable in a compact group if and only if G = Rp × K with p ≥ 0 and K a
compact group.

We then have G = Rp ×K with K compact. Since the inclusion G ↪→ U(n) is
an irreducible unitary representation of a direct product, it is the tensor product
of irreducible unitary representations of the components. It is then of the form
Φ1 ⊗ Φ2, where Φ1 is a unitary character of Rp and Φ2 is an irreducible unitary
representation of K compact. Observe that characters of Rp with p ≥ 1 are never
faithful, while the inclusion is. We then have p = 0 and G = K compact. �

We applied similar arguments for controllability of quantum systems in [3].
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Simplification 3.3. G is the direct product of several simple, compact, connected,
simply connected Lie groups. The representation Φ is irreducible. If G = Spin(m),
then Φ is not a basic spin representation.

Proof. Since G is compact and connected, it is covered by the group T ×H being
the direct product of a torus and a compact connected, simply connected Lie group,
see [4, Thm 8.1, p. 233].

The unitary irreducible representation Φ of G then induces the unitary irre-
ducible representation Φ̃ := Φ ◦Π of G̃ := T ×H, where Π : G̃→ G is the covering
map. It clearly holds M(G̃) = M(G).

Since Φ̃ is irreducible, it is unitarily equivalent to the product of irreducible
representations of the components. Irreducible representations of toric components
are characters eiτ , thus they play no role for M(G̃). Hence, we can remove the toric

component, write the representation Φ′(h) := Φ̃(1, h) and have M(H) = M(G).
Moreover, since (G,Φ) is not a BS-action, then Φ′ is not a basic spin representation
of H whenever H = Spin(m).

Since H is compact and simply connected, then it is semisimple, see [4, Remark
(7.13), p. 229]. Hence, it is the direct product of simple groups, se e.g. [8, Theorem
0.3]. �

Remark 3.4. Under Simplification 3.3, we already know that, for each fixed n,
there exists a lower bound δ(n) such that, for all (G,Φ) non-transitively acting on
the sphere S2n−1, Theorem 1.3 holds with such δ(n). Indeed, the number of such
groups satisfying Simplification 3.3 is finite, as a consequence of the classification
of simple compact Lie groups.

We now study the case of G being the direct product of at least two simple
compact, connected, simply connected Lie groups. We first have the following
bound for unitary representations of direct products.

Proposition 3.5. Let Φ be a unitary irreducible representation of G = G1 × G2,
with G1, G2 semisimple, compact, connected groups. It then holds M(G) ≤ 1/

√
2.

Proof. Since Φ is irreducible, then it is equivalent to Φ1(G1)⊗Φ2(G2) with Φ1,Φ2

irreducible. We then estimate M(G) = M(G1×G2) as follows: let Φ1(G1),Φ2(G2)
act on the Hermitian spaces V,W , respectively. Since the representations are irre-
ducible and G1, G2 are semisimple, then V,W have dimension 2 at least.

Choose an orthonormal pair of vectors v, v′ in V , and similarly for w,w′ in W .
Choose X = v ⊗ w ∈ S(V ) ⊗ S(W ) and observe that it holds Φ1 ⊗ Φ2(g1, g2)X ∈
S(V )⊗S(W ) for any choice of g = (g1, g2) ∈ G. Choose Y = 1√

2
(v⊗w+v′⊗w′) ∈

S(V ⊗W ) and apply Lemma A.1 in the Appendix. This gives

| < Φ1 ⊗ Φ2(g1, g2)X,Y > | ≤ 1/
√

2.

Since the estimate is independent on g1, g2, then the result follows. �

We now apply Proposition 3.5 to G satisfying Simplification 3.3. If it is the
direct product of at least two simple, compact, connected, simply connected Lie
groups, then we find the estimate M(G) ≤ 1/

√
2.

This leads to the following simplification.

Simplification 3.6. G is a simple, compact, connected, simply connected Lie group,
and Φ is a unitary irreducible representation. If G = Spin(m), then Φ is not a
basic spin representation.
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We now prove the bound for M(G) when Φ is the Cartan product of irreducible
representations.

Proposition 3.7. Let Φ be the Cartan product of two unitary irreducible represen-
tations. Then M(G) ≤ 1/

√
2.

Proof. Let Φ be the Cartan product of Φ1 and Φ2, each acting on the Hermitian
space V,W , respectively. Let l1, l2 be two unit lowest weight vectors of Φ1 and Φ2

respectively. Let h1, h2 be two unit highest weight vectors of Φ1 and Φ2 respectively.
By Lemma A.3 in the Appendix, we have that h1 ⊗ h2 is in the irreducible

component of Φ1 ⊗Φ2 corresponding to Φ (by definition), but also l1 ⊗ l2 is in the

same irreducible component. Choose X = h1⊗h2 and Y = 1/
√

2(h1⊗h2 + l1⊗ l2).
Since Φ(g)X ∈ S(V ) ⊗ S(W ), one can apply Lemma A.1 in the Appendix, that
implies

| < Φ(g)X,Y > | ≤ 1/
√

2.

Pass to the supremum over g ∈ G to have the result. �

At this step, it remains only to examine the case where Φ is not a Cartan product.
As recalled above, it is called a basic representation by Dynkin [8]. Recall from [8,
Supp. 22] that basic representations stand in a natural correspondence with simple
roots, thus each group has a finite number of basic representations.

3.1. Basic representations of exceptional groups. In this section, we study
basic representations of exceptional groups. Their dimensions can be computed by
Weyl’s dimension formula, see e.g. [5, Chap. XIII].

Following [8, Table 30], it holds:

• G2 has two basic representations, of dimensions 7 and 14. The basic repre-
sentation of dimension 7 is the composition of the inclusion G2 ↪→ SO(7)
and the natural real action of SO(7) on S6, see [16]. This representation
acts (transitively) on S6, but not on the complex sphere S2n−1 = S13.
Since it is a real representation, then we can remove it, due to Proposition
2.1. The basic representation of dimension 14 is the adjoint representation,
see [8, Table 28]. Since it is also real, we can remove it too.
• F4 has four basic representations, of dimensions 52 (adjoint representation),

1274, 273, 26.
• E6 has six basic representations, one for each dimension 78 (adjoint repre-

sentation), 2925 and two for each dimension 27, 351.
• E7 has seven basic representations, of dimensions 912, 56, 1539, 27664,

365750, 8645, 133 (adjoint representation).
• E8 has eight basic representations, of dimensions 147250, 248 (adjoint rep-

resentation), 72912, 24502500, 5121384450, 87587590464, 6696000, 3875.

By removing representations that either act transitively or are real (adjoint rep-
resentations), we have that the set of possible dimensions is (eventually strictly)
contained in E defined in Corollary 1.5. In fact, we have an equality, since each of
such representations acts non-transitively on the complex sphere, see [2]. For each
of such representations, it holds M(G) < 1. Since they are in finite number, the
supremum of such M(G) is strictly smaller than 1 too.

We now reach the following final simplification of our problem.
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Simplification 3.8. G is a classical group in the series An, Bn, Cn, Dn, and Φ is a
basic, unitary, not real, representation. (G,Φ) acts non-transitively on the corre-
sponding sphere S2m−1 and is not a BS-action.

4. Study of classical compact simple Lie groups

In this section, we assume that Simplification 3.8 holds and study the four series
of classical groups.

4.1. The study of An. Let G = An satisfy Simplification 3.8, then G = SU(n+1).
Denote by Ψ the natural representation of G = SU(n + 1), that acts transitively
over S2n+1 ⊂ Cn+1, i.e. Ψ(g)X = gX. We have the following proposition.

Proposition 4.1. Let G = An and Φ satisfy Simplification 3.8. It holds

M(G) ≤ 1/
√

2.

Proof. The basic representations of G are the representations Φ = Ψ{k} acting
(unitarily) on the kth exterior power Λk(Cn+1) in the natural way, where k =
1, ..., n. See [8, Supplement 24].

The case k = 1 corresponds to Φ = Ψ, that acts transitively, hence it does not
satisfy Simplification 3.8.

Assume now 1 < k ≤ n+1
2 . Choose X = e1 ∧ e2 ∧ ... ∧ ek ∈ S(Λk(Cn+1)) and

Y = 1/
√

2(e1 ∧ e2 ∧ ... ∧ ek + ek+1 ∧ek+2 ∧ ... ∧ e2k). Lemma A.2 in the Appendix
implies

| < Φ(g)X,Y > | ≤ 1/
√

2

for all g ∈ G and M(Φ{k}(G)) ≤ 1/
√

2.
Assume now that it holds n+1

2 < k < n. Recall that there exists a duality

isometry I : Λk
′
(Cn+1)→ Λk(Cn+1) with k′ = n+ 1− k, explicitly given by

e1 ∧ . . . ∧ êi1 ∧ . . . ∧ êi2 ∧ . . . ∧ êik ∧ . . . ∧ en+1 → ei1 ∧ ei2 ∧ . . . ∧ eik ,
where êi is the removal of the vector ei. This also implies that the dual repre-
sentation Φ′ acting on Λk

′
(Cn+1) of a basic representation Φ acting on Λk(Cn+1)

is a basic representation itself. Then, apply the previous study to Φ′ and find
X ′, Y ′ satisfying | < Φ′(g)X ′, Y ′ > | ≤ 1/

√
2. By the duality isometry, choose

X = I(X ′), Y = I(Y ′), both in Λk(Cn+1) and observe that it holds

| < Φ(g)X,Y > | = | < Φ′(g)X ′, Y ′ > |.
Then, M(Φ{k}(G)) ≤ 1/

√
2 holds in this case too.

With the same duality isometry, one associates Ψ{n} to Ψ, that acts transitively
on S2n+1, thus it does not satisfy Simplification 3.8. �

4.2. The study of basic non-spin representations of Bn, Dn. In this section,
we study the case of G = Bn or Dn satisfying Simplification 3.8. Since G is a
simply connected compact group, it holds G = Spin(2n + 1), Spin(2n), that are
the (universal) double covers of SO(2n+ 1), SO(2n).

The basic representations fall into two classes, see [8, Supplements 26-27]: those
who come from representations of SO(2n + 1), SO(2n) via the covering mapping
and the remaining, that are the 3 series of basic spinor representations (one for
Spin(2n+ 1) and two for Spin(2n)).

Since basic representations coming from representations of SO(m) are real, we
can apply Proposition 2.1 to them.
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4.3. The study of Cn. Let G = Cn satisfy Simplification 3.8. Then, G = Sp(n)
and the natural representation Ψ is the standard representation over V = C2n of
the real compact form Sp(n) of Sp(2n,C), that acts transitively on S(V ).

All basic representations are Φ = Ψ̄{k}, with k = 1, ..., n, acting over ΛkV again
in the natural way, but the Ψ{k} being not irreducible, Ψ̄{k} is the highest weight
component of Ψ{k}. From [8, Lemma 0.3, p. 360], we know that inside the highest
weight component Φ̄{k} of Φ{k}, there are two vectors of the form ei1∧ei2∧ ...∧eik
and ej1 ∧ ej2 ∧ ... ∧ ejk , with il 6= jr for all l, r. Therefore, Lemma A.2 in the

Appendix can be applied to this case too, finding the same estimate M(G) ≤ 1/
√

2
for Cn.

5. Proof of main results

In this section, we prove Theorem 1.3 and Corollary 1.5. We first explain the con-
nection between Agrachev’s conjecture and Theorem 1.3, transforming the problem
of finding estimates for T (Σ) into a problem of representation of Lie groups.

5.1. The Agrachev’s conjecture. In this section, we connect Conjecture 1.1
with estimates on the diameter D(G). We first observe that the two possibilities
T (Σ) = 0 or T (Σ) ≥ δ are related to controllability of (Σ), when the drift A is
replaced by the zero matrix. Indeed, consider the system

(5.1) ẋ =

p∑
i=1

Bixui.

Define L = Lie(Bi) the Lie algebra generated by the Bi and G its exponential group.
Then, G acts on S2n−1 and the inclusion Φ : G ↪→ U(n) is a unitary representation
of G.

We now have the two following possibilities: if G acts transitively on S2n−1, then
the system (5.1) is controllable. By linearity of (5.1), it is controllable in arbitrarily
small time. The same holds for the original system (Σ), thus T (Σ) = 0. If G does
not act transitively on S2n−1, then by adding A, one has two possibilities. On one
side, the system can be not controllable, thus T (Σ) = +∞ > δ. On the other side,
if the system is controllable, then this is a consequence of the fact that one can use
the drift Ax, that satifies ‖A‖ = 1. Take now a trajectory X(t) of (Σ) and consider
the evolution of the distance between orbits measured on the sphere S2n−1 with
the standard induced Riemannian distance, i.e.

d(t) := inf
g∈G
‖X(0)− gX(t)‖S2n−1 .

If Ẋ(t) is defined, then it holds Ẋ(t) = AX(t) +
∑p
i=1 ui(t)BiX(t). Denote with

projB(Ẋ(t)) :=

p∑
i=1

ui(t)BiX(t),
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i.e. its component on the space generated by the Bi. Then, for almost every
t ∈ [0, T ], it holds

ḋ(t) ≤ lim
h→0

inf
g∈G

‖X(t+ h)− gX(t)‖
h

= lim
h→0

inf
g∈G

‖eẊ(t)hX(t)− gX(t)‖
h

≤ lim
h→0

‖(eh(AX(t)+projB(Ẋ(t))) − ehprojB(Ẋ(t)))X(t)‖
h

= lim
h→0

‖(ehAX(t)+o(h) − Id)ehprojB(Ẋ(t))X(t)‖
h

= ‖AX(t)‖ ≤ 1.

This implies that the curve on the sphere is covered with velocity less than one,
then the travel time is larger than the distance on S2n−1, i.e. d(t) ≤ t. Instead,
the distance D(G) is measured in Cn with straight lines. Elementary geometric
considerations then imply

(5.2) sin

(
T (Σ)

2

)
≥ D(G)

2
,

i.e. Theorem 1.3 implies Conjecture 1.1 when G is not a BS-action.

5.2. Proof of Corollary 1.5 and Theorem 1.3. In this section, we prove the
main results of our paper. We start with the Corollary.

Proof of Corollary 1.5. Let (G,Φ) act non-transitively on S2n−1. We have the
following cases:

1: if Φ is reducible or real, apply Proposition 2.1 to find D(G) ≥
√

2;
2: otherwise, following Section 3 up to Simplification 3.3, assume that G is

the direct product of several simple, compact, connected, simply connected
Lie groups:

2.1: If G is the direct product of at least two components, apply Propo-
sition 3.5 to find M(G) ≤ 1/

√
2.

2.2: If G is not the product, but Φ is the Cartan product of irreducible
representations, apply Proposition 3.7 to find M(G) ≤ 1/

√
2.

3: We are left with the case of G simple, compact, connected, simply con-
nected Lie group, and Φ basic, unitary, not real, representation.

3.1: If G is a spin group and Φ is a basic spin representation, then the
space dimension satisfies n = 2k. Contradiction.

3.2: If G is one of the exceptional groups E6, E7, E8, F4, G2, then the
representation either acts transitively, or is real, or the space dimension
satisfies n ∈ E . See Section 3.1. Contradiction.

3.3: The remaining cases are studied in Section 4: they all give M(G) ≤
1/
√

2.

Recall that M(G) ≤ 1/
√

2 implies D(G) ≥
√

2−
√

2 from (2.3). This concludes
the proof. �

Proof of Theorem 1.3. This is identical to the proof of Corollary 1.5, except for
Step 3, that is replaced as following:

3: We are left with the case of G simple, compact, connected, simply con-
nected Lie group, and Φ basic, unitary, not real, representation.

3.1: If G is a spin group, then Φ is a basic non-spin representation by
hypothesis. Then, by Section 4.2, Φ is real and Proposition 2.1 gives
D(G) ≥

√
2.
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3.2: The set (G,Φ) with G ∈ {E6, E7, E8, F4, G2} and Φ basic, non real
and acting non transitively is finite. Each of them satisfies M(G) < 1,
then it exists λ′ such that M(G) ≤ λ′ < 1 for all such cases.

3.3: The remaining cases are G = An, Cn, for which Sections 4.1-4.3
ensure M(G) ≤ 1/

√
2.

Summing up, some cases give

M(G) ≤ λ := max{λ′, 1/
√

2},
while other cases satisfy D(G) ≥

√
2. By (2.3), we finally prove

D(G) ≥ δ′ := min
{√

2,
√

2(1− λ)
}

=
√

2(1− λ). �

Appendix A. Technical lemmas

In this appendix, we collect some technical lemmas that are used in the paper.
We first give a general estimate about distances in the tensor product spaces.

Lemma A.1. Let V,W be two Hermitian spaces, and S(V ), S(W ), S(V ⊗W ) be
the unit spheres of the corresponding spaces. Let v, v1, v2 ∈ S(V ) with v1 ⊥ v2, and
w,w1, w2 ∈ S(W ) with w1 ⊥ w2. It then holds∣∣∣< v ⊗ w, 1/

√
2(v1 ⊗ w1 + v2 ⊗ w2) >

∣∣∣ ≤ 1/
√

2.

Proof. Complete v1, v2 to an orthonormal basis of V , and similarly for w1, w2,W .
Write now

v = x1v1 + x2v2 + . . . ∈ S(V ), w = y1w2 + y2w2 + . . . ∈ S(V2).

It holds x21 + x22 ≤ 1, as well as y21 + y22 ≤ 1. A direct computation then shows∣∣∣< v ⊗ w, 1/
√

2(v1 ⊗ w1 + v2 ⊗ w2) >
∣∣∣ = 1/

√
2|x1y1 + x2y2| ≤ 1/

√
2.

�

We now give a similar estimate for wedge products.

Lemma A.2. Let g ∈ SU(n). Take X = ge1 ∧ ge2 ∧ ... ∧ gek ∈ S(Λk(Cn+1)) and

Y = 1/
√

2(e1 ∧ e2 ∧ ... ∧ ek + ek+1 ∧ ek+2 ∧ ... ∧ e2k) in Λk(Cn) with 1 < k ≤ n
2 . It

then holds
|< X,Y >| ≤ 1/

√
2.

Proof. A direct computation shows that
√

2 |< X,Y >| = |det(A) + det(B)| with
A,B being k×k matrices defined by Aij =< gei, ej > and Bij =< gei, ej+k >. We
then aim to prove that |det(A) + det(B)| ≤ 1.

Denote with C = [A B] the matrix composed by placing side by side columns of
A and B. Since |gei| = 1, then all rows of C are vectors in C2k with norm less or
equal than 1. Consider a block matrix(

J1 0
0 Id

)
,

where each block has dimension k × k and J ∈ SU(k). It is clear that the induced
change of coordinates in C2k keeps invariant both the length of vectors and the
determinants of A,B. The same holds for(

Id 0
0 J2

)
.



A UNIVERSAL GAP FOR NON-SPIN QUANTUM CONTROL SYSTEMS 11

By the Schur decomposition, choosing J1, J2 properly, we are reduced to the
case in which A,B are upper triangular and such that each row of C has norm
less or equal than 1. For each i = 1, . . . , k it then holds |Bii| ≤

√
1− |Aii|2 and

Aii ∈ [−1, 1]. Thus

|det(A) + det(B)| ≤ |det(A)|+ |det(B)| ≤ Πk
i=1|Aii|+ Πk

i=1

√
1− |Aii|2.

Since it holds 0 ≤ |Aii| ≤ 1, maxima and minima of Πk
i=1|Aii| + Πk

i=1

√
1− |Aii|2

are reached either on boundaries, in which it takes values in [0, 1], or when it holds

|Aii| =
√
2
2 for all i = 1, . . . , k, thus taking the value 21−

k
2 . Then, we have the result

for k ≥ 2. �

We end this appendix with a lemma about lowest weight vectors in Cartan
products of representations.

Lemma A.3. Let Φ be the Cartan product of Φ1 and Φ2, each acting on the
Hermitian space V,W , respectively. Let l1, l2 be two unit lowest weight vectors of
Φ1 and Φ2 respectively. Let h1, h2 be two unit highest weight vectors of Φ1 and Φ2

respectively.
Then, both h1⊗h2 and l1⊗ l2 are in the same irreducible component of Φ1⊗Φ2

corresponding to Φ.

Proof. The fact that h1 ⊗ h2 is in the irreducible component corresponding to Φ
comes from the definition of Cartan product. We now prove that l1 ⊗ l2 is in the
same component.

Consider the opposition element w0 of the Weyl group of G, i.e. the element
that is the longest among maximally reduced words w in terms of elementary re-
flections. The operator w0 maps the maximum weight λM of a representation Φ to
w0(λM ). As a consequence, −w0(λM ) is the highest weight of the contragredient
representation and w0(λM ) = λm is the minimum weight of Φ, see [9].

Recall that weights of a representation are stable under the (linear) action of the
Weyl group. Thus, given two representations Φ1,Φ2 the corresponding maximal
weights λ1M , λ

2
M and minimal weights λ1m, λ

2
m, it holds

w0(λ1M + λ2M ) = w0(λ1M ) + w0(λ2M ) = λ1m + λ2m.

Thus implies that λ1m+λ2m is a weight of the Cartan product Φ. Since l1⊗ l2 is the
only weight vector associated to such weight, then it is a weight vector of Φ. �
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