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Abstract. In this paper we study the Carnot–Caratheodory metrics on SU(2) � S3, SO(3), and
SL(2) induced by their Cartan decomposition and by the Killing form. Besides computing explicitly
geodesics and conjugate loci, we compute the cut loci (globally), and we give the expression of the
Carnot–Caratheodory distance as the inverse of an elementary function. We then prove that the
metric given on SU(2) projects on the so-called lens spaces L(p, q). Also for lens spaces, we compute
the cut loci (globally). For SU(2) the cut locus is a maximal circle without one point. In all other
cases the cut locus is a stratified set. To our knowledge, this is the first explicit computation of the
whole cut locus in sub-Riemannian geometry, except for the trivial case of the Heisenberg group.

Key words. left-invariant sub-Riemannian geometry, Carnot–Caratheodory distance, global
structure of the cut locus, lens spaces

AMS subject classifications. 22E30, 49J15, 53C17

DOI. 10.1137/070703727

1. Introduction. In this paper we study the global structure of the cut locus
(the set of points reached optimally by more than one geodesic) for the simplest sub-
Riemannian structures on three-dimensional simple Lie groups (i.e., SU(2), SO(3),
and SL(2)), namely, the left-invariant sub-Riemannian structures induced by their
Cartan decomposition and by the Killing form.

Let G be a simple real Lie group of matrices with associated Lie algebra L and
Killing form Kil(·, ·). Let L = k ⊕ p be its Cartan decomposition with the usual
commutation relations [k,k] ⊆ k, [p,p] ⊆ k, [k,p] ⊆ p. If L is noncompact, we
also require k to be the maximal compact subalgebra of L. The most natural left-
invariant sub-Riemannian structure that one can define on G is the one in which the
distribution is generated by left translations of p, and the sub-Riemannian metric 〈·, ·〉
at the identity is generated by a scalar multiple of the Killing form restricted to p.
The scalar must be chosen positive or negative in such a way that the scalar product
is positive definite. We call G, endowed with such a sub-Riemannian structure, a k⊕p
sub-Riemannian manifold.

k ⊕ p sub-Riemannian manifolds have very special features: there are no strict
abnormal minimizers, and the Hamiltonian system given by the Pontryagin maximum
principle (PMP) is integrable in terms of elementary functions (products of exponen-
tials). More precisely, if we write the distribution at a point g ∈ G as Δ(g) = gp,
we have the following expression for geodesics parametrized by arclength, starting at
time zero from g0 (see [3, 10, 14, 22, 23]):

g(t) = g0e
(Ak+Ap)te−Akt,(1)

where Ak ∈ k, Ap ∈ p, and we have 〈Ap, Ap〉 = 1. Thanks to left-invariance, without
loss of generality we can always assume that g0 is the identity, and we will do so
throughout the paper.
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1852 UGO BOSCAIN AND FRANCESCO ROSSI

Fig. 1. Local structure of sub-Riemannian spheres and of cut and conjugate loci for 3-dim k⊕p
sub-Riemannian manifolds.

In all three-dimensional cases (i.e., SU(2), SO(3), and SL(2)), p has dimension 2,
while k has dimension 1. Writing p = span {p1, p2}, where {p1, p2} is an orthonormal
frame for the sub-Riemannian structure (i.e., 〈pi, pj〉 = δij) and k = span {k}, we
can write Ap = cos(θ)p1 + sin(θ)p2 and Ak = ck with θ ∈ R/2π, c ∈ R. The map
associating to the triple (θ, c, t) the final point of the corresponding geodesic starting
from the identity is called the exponential map,

Exp :
S1 × R × R

+ → G,

(θ, c, t) �→ Exp(θ, c, t) = e(Ak+Ap)te−Akt.

For three-dimensional k ⊕ p sub-Riemannian manifolds, the local structure of
the sub-Riemannian spheres, cut loci, and conjugate loci starting from the identity
has been described by Agrachev (unpublished), and, due to cylindrical symmetry
of the Killing form in the p subspace, it is very similar to that of the Heisenberg
group. Indeed, locally, the cut locus coincides with the first conjugate locus (i.e., the
set where local optimality is lost) and is made by two connected one-dimensional
manifolds adjacent to the identity and transversal to the distribution; see Figure 1.

However, the global structure of the cut locus was still unknown. Indeed, to our
knowledge, no global structure of the cut locus is known in sub-Riemannian geometry
apart from that of the Heisenberg group.

The main result of our paper is the following.

Theorem 1. Let KId be the cut locus starting from the identity. We have the
following:

(i) For SU(2), KId is a maximal circle S1 without one point (the identity).
(ii) For SO(3), KId is a stratified set made by two manifolds glued in one point.

The first manifold is RP
2; the second manifold is a maximal circle S1 without one

point (the identity).
(iii) For SL(2), KId is a stratified set made by two manifolds glued in one point.

The first manifold is R
2; the second manifold is a circle S1 without one point (the

identity).

A picture of the three cut loci is given in Figure 2.

For all cases, the one-dimensional strata contain the cut locus appearing in the
local analysis.

Notice that the k⊕p sub-Riemannian manifold SU(2) has the structure of a CR
(Cauchy–Riemann) manifold and is a tight structure [7, 16].

Once the cut locus is computed, one can obtain the expression of the sub-
Riemannian distance from the identity. The following theorem gives the sub-
Riemannian distance for SU(2). The proof, given in section 5.1.1, can be adapted
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Fig. 2. The cut loci for the k ⊕ p sub-Riemannian manifolds SU(2), SO(3), and SL(2).

to get similar results in the cases of SO(3) and SL(2).
Theorem 2. Let

SU(2) =

{(
α β

−β α

)
| α, β ∈ C, |α|2 + |β|2 = 1

}
.

Consider the sub-Riemannian distance from Id defined by

ġ = g

(
u1

2

(
0 1
−1 0

)
+

u2

2

(
0 i
i 0

))
,

d(Id, g1) := inf

{∫ T

0

√
u2

1 + u2
2 | g(0) = Id, g(T ) = g1

}
.

It holds that

d

(
Id,

(
α β

−β α

))
=

{
2
√

arg(α) (2π − arg(α)) if β = 0,

ψ(α) if β 	= 0,
(2)

where arg (α) ∈ [0, 2π] and ψ(α) = t is the unique solution of⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
− ct

2 + arctan
(

c√
1+c2

tan
(√

1+c2t
2

))
= arg(α),

sin

(√
1+c2t
2

)
√

1+c2
=
√

1 − |α|2,
t ∈

(
0, 2π√

1+c2

)
.

(3)

This theorem and its analogues for SO(3) and SL(2) are useful to give esti-
mates for the fundamental solutions of the hypoelliptic heat equation induced by the
sub-Riemannian structure (see [5, 12, 17, 19]). Moreover, this theorem can be seen
as the answer, in the case of SU(2), to the question (formulated in [14]) about the
possibility of inverting the matrix equation (1); i.e., for every matrix g ∈ SU(2),
find a matrix A = Ak + Ap, with 〈Ap, Ap〉 = 1, being a solution to the equation
g = g0e

(Ak+Ap)te−Akt. If β 	= 0, then this equation has one and only one solu-
tion; otherwise it has more than one solution (indeed, infinitely many; see sections 3
and 5).
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Then we study the most natural sub-Riemannian structures on the lens spaces
L(p, q) induced by the one on SU(2). The lens space L(p, q) (with p, q coprime integers,
p, q 	= 0) is the quotient of SU(2) by the equivalence relation(

α1 β1

−β1 α1

)
∼
(

α2 β2

−β2 α2

)
if ∃ ω ∈ C pth root of unity such that

(
α2

β2

)
=

(
ω 0
0 ωq

)(
α1

β1

)
.

The lens spaces are three-dimensional manifolds, but they are neither Lie groups nor
homogeneous spaces of SU(2), except for the case L(2, 1) � SO(3) .

In the case of lens spaces, we get that the cut locus is much more complicated
with respect to those on SU(2) and SL(2). It is still a stratified set, but in general
with more strata. The precise description is given in section 5.2.

Sub-Riemannian structures on the lens space L(4, 1) are particularly interest-
ing for mechanical applications and for problems of geometry of vision on the two-
dimensional sphere. Indeed, L(4, 1) � PTS2, the bundle of directions of S2. These
applications are the subject of a forthcoming paper.

The structure of this paper is the following. In section 2 we recall the definition of
sub-Riemannian manifold, state the PMP (that is a first order necessary condition for
optimality for problems of calculus of variations with nonholonomic constraints), and
define the cut and conjugate loci. Then we define k ⊕ p sub-Riemannian manifolds.
In section 3 we define k⊕ p sub-Riemannian structures on SU(2), SO(3), and SL(2)
and compute the corresponding geodesics and conjugate loci. In section 4 we give
sub-Riemannian structures on lens spaces as quotients of the k ⊕ p sub-Riemannian
structure on SU(2). The core of the paper is section 5, where we compute the cut loci
and the sub-Riemannian distance. The general idea is the following: we first identify
the prolongation of the cut locus arising locally, then we compute the part of the cut
locus due to the symmetries of the problem, and finally, we show that there is no
other cut point.

2. Basic definitions.

2.1. Sub-Riemannian manifold. An (n,m)-sub-Riemannian manifold is a tri-
ple (M,Δ,g), where

(i) M is a connected smooth manifold of dimension n;
(ii) Δ is a Lie bracket generating smooth distribution of constant rank m < n;

i.e., Δ is a smooth map that associates to q ∈ M an m-dim subspace Δ(q) of TqM ,
and ∀ q ∈ M , we have

(4)

span {[f1, [. . . [fk−1, fk] . . .]](q) | fi ∈ Vec(M) and fi(p) ∈ Δ(p) ∀ p ∈ M} = TqM.

Here Vec(M) denotes the set of smooth vector fields on M .
(iii) gq is a Riemannian metric on Δ(q), that is, smooth as a function of q.
The Lie bracket generating condition (4) is also known as the Hörmander

condition.
A Lipschitz continuous curve γ : [0, T ] → M is said to be horizontal if γ̇(t) ∈

Δ(γ(t)) for almost every t ∈ [0, T ]. Given a horizontal curve γ : [0, T ] → M , the
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length of γ is

l(γ) =

∫ T

0

√
gγ(t)(γ̇(t), γ̇(t)) dt.(5)

The distance induced by the sub-Riemannian structure on M is the function

d(q0, q1) = inf{l(γ) | γ(0) = q0, γ(T ) = q1, γ horizontal}.(6)

The hypothesis of connectedness of M and the Lie bracket generating assumption
for the distribution guarantee the finiteness and the continuity of d(·, ·) with respect
to the topology of M (Chow’s theorem; see, for instance, [3]).

The function d(·, ·) is called the Carnot–Caratheodory distance and gives to M
the structure of metric space (see [6, 18]).

It is a standard fact that l(γ) is invariant under reparametrization of the curve
γ. Moreover, if an admissible curve γ minimizes the so-called energy functional

E(γ) =

∫ T

0

gγ(t)(γ̇(t), γ̇(t)) dt

with T fixed (and fixed initial and final point), then v =
√

gγ(t)(γ̇(t), γ̇(t)) is constant
and γ is also a minimizer of l(·). On the other hand, a minimizer γ of l(·) such that
v is constant is a minimizer of E(·) with T = l(γ)/v.

A geodesic for the sub-Riemannian manifold is a curve γ : [0, T ] → M such
that for every sufficiently small interval [t1, t2] ⊂ [0, T ], γ|[t1,t2]

is a minimizer of

E(·). A geodesic for which gγ(t)(γ̇(t), γ̇(t)) is (constantly) equal to one is said to be
parametrized by arclength.

Locally, the pair (Δ,g) can be given by assigning a set of m smooth vector fields
that are orthonormal for g, i.e.,

Δ(q) = span {F1(q), . . . , Fm(q)} , gq(Fi(q), Fj(q)) = δij .(7)

When (Δ,g) can be defined as in (7) by m vector fields defined globally, we say that
the sub-Riemannian manifold is trivializable.

Given a (n,m)-trivializable sub-Riemannian manifold, the problem of finding a
curve minimizing the energy between two fixed points q0, q1 ∈ M is naturally formu-
lated as the optimal control problem

q̇ =

m∑
i=1

uiFi(q) , ui ∈ R ,

∫ T

0

m∑
i=1

u2
i (t) dt → min, q(0) = q0, q(T ) = q1.(8)

It is a standard fact that this optimal control problem is equivalent to the minimum
time problem with controls u1, . . . , um satisfying u2

1 + · · · + u2
m ≤ 1.

When the manifold is analytic and the orthonormal frame can be assigned through
m analytic vector fields, we say that the sub-Riemannian manifold is analytic.

In this paper we are concerned with sub-Riemannian manifolds that are trivial-
izable and analytic since they are given in terms of left-invariant vector fields on Lie
groups.
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2.2. First order necessary conditions, cut locus, and conjugate locus.
Consider a trivializable (n,m)-sub-Riemannian manifold. Solutions to the optimal
control problem (8) are computed via the PMP (see, for instance, [3, 11, 21, 24])
that is a first order necessary condition for optimality and generalizes the Weierstraß
conditions of the calculus of variations. For each optimal curve, the PMP provides
a lift to the cotangent bundle that is a solution to a suitable pseudo-Hamiltonian
system.

Theorem 3 (PMP for the problem (8)). Let M be an n-dimensional smooth
manifold, and consider the minimization problem (8), in the class of Lipschitz contin-
uous curves, where Fi, i = 1, . . . ,m are smooth vector fields on M and the final time
T is fixed. Consider the map H : T ∗M × R × R

m → R defined by

H(q, λ, p0, u) :=

〈
λ,

m∑
i=1

uiFi(q)

〉
+ p0

m∑
i=1

u2
i (t).

If the curve q(.) : [0, T ] → M corresponding to the control u(.) : [0, T ] → R
m is

optimal, then there exist a never vanishing Lipschitz continuous covector λ(.) : t ∈
[0, T ] �→ λ(t) ∈ T ∗

q(t)M and a constant p0 ≤ 0 such that, for a.e. t ∈ [0, T ],

(i) q̇(t) = ∂H
∂λ (q(t), λ(t), p0, u(t)),

(ii) λ̇(t) = −∂H
∂q (q(t), λ(t), p0, u(t)), and

(iii) ∂H
∂u (q(t), λ(t), p0, u(t)) = 0.

Remark 1. A curve q(.) : [0, T ] → M satisfying the PMP is said to be an extremal.
In general, an extremal may correspond to more than one pair (λ(.), p0). If an extremal
satisfies the PMP with p0 	= 0, then it is called a normal extremal. If it satisfies the
PMP with p0 = 0 it is called an abnormal extremal. An extremal can be both normal
and abnormal. For normal extremals one can normalize p0 = −1/2.

If an extremal satisfies the PMP only with p0 = 0, then it is called a strict
abnormal extremal. If a strict abnormal extremal is optimal, then it is called a strict
abnormal minimizer. For a deep analysis of abnormal extremals in sub-Riemannian
geometry, see [8, 15].

It is well known that all normal extremals are geodesics (see, for instance, [3]).
Moreover, if there are no strict abnormal minimizers, then all geodesics are normal
extremals for some fixed final time T . This always will be the case in this paper; indeed,
we are concerned with sub-Riemannian manifolds of dimension 3, defined by a pair of
vector fields F1 and F2 such that ∀ q ∈ M , span {F1(q), F2(q), [F1(q), F2(q)]} = TqM ,
i.e., the so called three-dimensional contact case, for which there are no abnormal
extremals (not even nonstrict).

In this case, from (iii) one gets ui(t) = 〈λ(t), Fi(t)〉, i = 1, . . . ,m, and the PMP
becomes much simpler: a curve q(.) is a geodesic if and only if it is the projection on
M of a solution (λ(t), q(t)) for the Hamiltonian system on T ∗M corresponding to

H(λ, q) =
1

2

(
m∑
i=1

〈λ, Fi(q)〉2
)
, q ∈ M , λ ∈ T ∗

q M

satisfying H(λ(0), q(0)) 	= 0.
Remark 2. Notice that H is constant along any given solution of the Hamiltonian

system. Moreover, H = 1
2 if and only if the geodesic is parametrized by arclength. In

the following, for simplicity of notation we assume that all geodesics are defined for
t ∈ [0,+∞).

Fix q0 ∈ M . For every λ0 ∈ T ∗
q0M satisfying

H(λ0, q0) = 1/2(9)
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and every t > 0, define the exponential map Exp(λ0, t) as the projection on M of the
solution, evaluated at time t, of the Hamiltonian system associated with H, with initial
condition λ(0) = λ0 and q(0) = q0. Notice that condition (9) defines a hypercylinder
Λq0 � Sm−1 × R

n−m in T ∗
q0M .

Definition 4. The conjugate locus from q0 is the set Cq0 of critical values of
the map

Exp :
Λq0 × R

+ → M,
(λ0, t) �→ Exp(λ0, t).

For every λ̄0 ∈ Λq0 , let t(λ̄0) be the nth positive time, if it exists, for which the
map (λ0, t) �→ Exp(λ0, t) is singular at (λ̄0, t(λ̄0)). The nth conjugate locus from
q0 Cn

q0 is the set {Exp(λ̄0, t(λ̄0)) | t(λ̄0)exists}.
The cut locus from q0 is the set Kq0 of points reached optimally by more than

one geodesic, i.e., the set

Kq0 =

⎧⎪⎪⎨⎪⎪⎩q ∈ M | ∃ λ1, λ2 ∈ Λq0 , λ1 	= λ2,
t ∈ R

+ such that

q = Exp(λ1, t),
q = Exp(λ2, t),
Exp(λ1, ·) optimal in [0, t],
Exp(λ2, ·) optimal in [0, t].

⎫⎪⎪⎬⎪⎪⎭
Remark 3. It is a standard fact that for every λ̄0 satisfying (9), the set T (λ̄0) =

{t̄ > 0 | Exp(λ, t) is singular at (λ̄0, t̄)} is a discrete set (see, for instance, [3]).
Remark 4. Let (M,Δ,g) be a sub-Riemannian manifold. Fix q0 ∈ M and assume

that
(i) Each point of M is reached by an optimal geodesic starting from q0;
(ii) there are no abnormal minimizers.

The following facts are well known (a proof in the three-dimensional contact case can
be found in [4]):

(i) The first conjugate locus C1
q0 is the set of points where the geodesics starting

from q0 lose local optimality;
(ii) if q(.) is a geodesic starting from q0, and t̄ is the first positive time such that

q(t̄) ∈ Kq0 ∪ C1
q0 , then q(.) loses optimality in t̄; i.e., it is optimal in [0, t̄] and not

optimal in [0, t] for any t > t̄;
(iii) if a geodesic q(.) starting from q0 loses optimality at t̄ > 0, then q(t̄) ∈

Kq0 ∪ C1
q0 .

As a consequence, when the first conjugate locus is included in the cut locus (as in
our cases; see section 5), the cut locus is the set of points where the geodesics lose
optimality.

Remark 5. It is well known that, while in Riemannian geometry Kq0 is never
adjacent to q0, in sub-Riemannian geometry this is always the case. See [2].

2.3. k ⊕ p sub-Riemannian manifolds. For the sake of simplicity in the
exposition, throughout the paper, when we deal with Lie groups and Lie algebras, we
always consider that they are groups and algebras of matrices.

Let L be a simple Lie algebra and Kil(X,Y ) = Tr(adX ◦ adY ) its Killing form.
Recall that the Killing form defines a nondegenerate pseudoscalar product on L. In
the following we recall what we mean by a Cartan decomposition of L.

Definition 5. A Cartan decomposition of a simple Lie algebra L is any decom-
position of the form

L = k ⊕ p, where [k,k] ⊆ k, [p,p] ⊆ k, [k,p] ⊆ p.(10)
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Definition 6. Let G be a simple Lie group with Lie algebra L. Let L = k⊕ p be
a Cartan decomposition of L. In the case in which G is noncompact, assume that k
is the maximal compact subalgebra of L.

On G, consider the distribution Δ(g) = gp endowed with the Riemannian metric
gg(v1, v2) = 〈g−1v1, g

−1v2〉, where 〈 , 〉 := α Kil
∣∣
p( , ) and α < 0 (resp., α > 0) if G

is compact (resp., noncompact).
In this case we say that (G,Δ,g) is a k ⊕ p sub-Riemannian manifold.
The constant α is clearly not relevant. It is chosen just to obtain good normal-

izations.
Remark 6. In the compact (resp., noncompact) case, the fact that g is positive

definite on Δ is guaranteed by the requirement α < 0 (resp., by the requirements
α > 0 and k maximal compact subalgebra).

Let {Xj} be an orthonormal frame for the subspace p ⊂ L, with respect to
the metric defined in Definition 6. Then the problem of finding the minimal energy
between the identity and a point g1 ∈ G in fixed time T becomes the left-invariant
optimal control problem

ġ = g

⎛⎝∑
j

ujXj

⎞⎠, uj ∈ L∞(0, T ),

∫ T

0

∑
j

u2
j (t) dt → min, g(0) = Id, g(T ) = g1.

This problem admits a solution; see, for instance, Chapter 5 of [13].
For k⊕p sub-Riemannian manifolds, one can prove that strict abnormal extremals

are never optimal, since the Goh condition (see [3]) is never satisfied. Moreover, the
Hamiltonian system given by the PMP is integrable and the explicit expression of
geodesics starting from the identity and parametrized by arclength is

g(t) = e(Ak+Ap)te−Akt,(11)

where Ak ∈ k, Ap ∈ p, and 〈Ap, Ap〉 = 1. This formula is well known in the com-
munity. It was used independently by Agrachev [1], Brockett [14], and Kupka (oral
communication). The first complete proof was written by Jurdjevic in [22]. The proof
that strict abnormal extremals are never optimal was first written in [10]. See also
[3, 23].

Remark 7. In the three-dimensional case, the Hamiltonian system given by the
PMP is indeed integrable even if the cost is not built with the Killing form (biinvari-
ant) but is only left-invariant. For the case of SO(3) see [9].

3. SU(2), SO(3), SL(2), their geodesics, and their conjugate loci. In
this section we fix coordinates on SU(2), SO(3), SL(2), and we apply formula (11)
in order to get the explicit expressions for geodesics and conjugate loci.

3.1. The k ⊕ p problem on SU(2). The Lie group SU(2) is the group of
unitary unimodular 2 × 2 complex matrices

SU(2) =

{(
α β

−β α

)
∈ Mat(2,C) | |α|2 + |β|2 = 1

}
.

It is compact and simply connected. The Lie algebra of SU(2) is the algebra of anti-
Hermitian traceless 2 × 2 complex matrices

su(2) =

{(
iα β

−β −iα

)
∈ Mat(2,C) | α ∈ R, β ∈ C

}
.
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A basis of su(2) is {p1, p2, k}, where

p1 =
1

2

(
0 1
−1 0

)
, p2 =

1

2

(
0 i
i 0

)
, k =

1

2

(
i 0
0 −i

)
,(12)

whose commutation relations are [p1, p2] = k, [p2, k] = p1, and [k, p1] = p2. Recall
that for su(n) we have Kil(X,Y ) = 2nTr(XY ) (see [20, pp. 186, 516]); thus for
su(2), Kil(X,Y ) = 4Tr(XY ) and, in particular, Kil(pi, pj) = −2δij . The choice of the
subspaces

k = span {k} p = span {p1, p2}

provides a Cartan decomposition for su(2). Moreover, {p1, p2} is an orthonormal frame
for the inner product 〈·, ·〉 = − 1

2Kil(·, ·) restricted to p.
Defining Δ(g) = gp and gg(v1, v2) = 〈g−1v1, g

−1v2〉, we have that (SU(2),Δ,g)
is a k ⊕ p sub-Riemannian manifold.

Remark 8. Observe that all the k ⊕ p structures that one can define on SU(2)
are equivalent. For instance, one could set k = span {p1} and p = span {p2, k}.

Recall that

SU(2) � S3 =

{(
α
β

)
∈ C

2 | |α|2 + |β|2 = 1

}
via the isomorphism

φ :
SU(2) → S3,(
α β

−β α

)
�→

(
α
β

)
.

In the following we always write elements of SU(2) as pairs of complex numbers.

3.1.1. Expression of geodesics. We compute the explicit expression of geode-
sics using the formula (11). Consider an initial covector λ = λ(θ, c) = cos(θ)p1 +
sin(θ)p2 + ck ∈ ΛId. The corresponding exponential map is

Exp(θ, c, t) := Exp(λ(θ, c), t) = e(cos(θ)p1+sin(θ)p2+ck)te−ckt =

(
α
β

)
with

α =
c sin( ct2 ) sin(

√
1 + c2 t

2 )√
1 + c2

+ cos

(
ct

2

)
cos

(√
1 + c2

t

2

)
+ i

(
c cos( ct2 ) sin(

√
1 + c2 t

2 )√
1 + c2

− sin

(
ct

2

)
cos

(√
1 + c2

t

2

))
,

β =
sin(

√
1 + c2 t

2 )√
1 + c2

(
cos

(
ct

2
+ θ

)
+ i sin

(
ct

2
+ θ

))
.

We have the following symmetry properties:
(i) cylindrical symmetry :

Exp(θ, c, t) =

(
1 0
0 eiθ

)
Exp(0, c, t);
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Fig. 3. Left: construction of the 2-dim picture of S2. Right: the 3-dim picture of S3.

(ii) central symmetry : Set
( α

β

)
= Exp(θ, c, t). We have

Exp(θ,−c, t) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(
α

e2i(θ−arg(β))β

)
if β 	= 0,(

α

0

)
if β = 0.

3.1.2. Pictures of S2 and S3. We recall a standard construction for repre-
senting S2 in a two-dimensional space and S3 in a three-dimensional space. For more
details, see, e.g., [26]. Consider S2 ⊂ R

3 and flatten it on the equator plane, pushing
the northern hemisphere down and the southern hemisphere up, getting two super-
imposed disks D2 joined along their circular boundaries. The construction is drawn
in Figure 3 (left). Similarly, consider S3 ⊂ C

2 � R
4: it can be viewed as two superim-

posed balls joined along their boundaries. In this case the boundaries are two spheres
S2. A picture of S3 is given in Figure 3 (right).

3.1.3. The conjugate locus. Recall that all the partial derivatives of Exp eval-
uated in (θ, c, t) lie in TgSU(2) = g · su(2) with g = Exp(θ, c, t). One can easily check

that the three vectors g−1 · ∂Exp
∂θ |(θ,c,t)

, g−1 · ∂Exp
∂c |(θ,c,t)

, g−1 · ∂Exp
∂t |(θ,c,t)

∈ su(2) are

linearly dependent (hence g is a conjugate point) if and only if

sin

(√
1 + c2

t

2

)(
2 sin

(√
1 + c2

t

2

)
−
√

1 + c2t cos

(√
1 + c2

t

2

))
= 0.

The first term is 0 if and only if g ∈ ek =
{( α

0

)
| |α| = 1

}
, while the second van-

ishes if and only if
√

1 + c2 t
2 = tan

(√
1 + c2 t

2

)
; hence we have two series of conjugate
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Fig. 4. k ⊕ p problem on SU(2): projection of the odd conjugate loci.

Fig. 5. k ⊕ p problem on SU(2): projection of the 2nd, 4th, and 6th conjugate loci.

times as follows:

(i) first series: t2n−1 = 2nπ√
1+c2

, to which correspond the conjugate loci C2n−1
Id =

ek \ Id;
(ii) second series: t2n = 2xn√

1+c2
, where {x1, x2, . . .} is the ordered set of the

strictly positive solutions of x = tan(x), to which correspond the conjugate loci

C2n
Id =

{(
c sin(xn)√

1+c2
ei(

π
2 −yn) + cos(xn)e−iyn

sin(xn)√
1+c2

eiθ

)∣∣∣∣∣ c ∈ R,
θ ∈ R/2π

}
,

where yn = cxn√
1+c2

.

Remark 9. Notice that all the geodesics have a countable number of conjugate
times.

We present some images of conjugate loci (Figures 4 and 5). For simplicity we
present images of their sections with the plane Re (β) = 0. The complete images can
be recovered using cylindrical symmetry.

Remark 10. Notice that the second conjugate locus is a two-dimensional sub-
manifold of SU(2), while the other even conjugate loci have self-intersections.

3.2. The k ⊕ p problem on SO(3). The Lie group SO(3) is the group of
special orthogonal 3 × 3 real matrices

SO(3) =
{
g ∈ Mat(3,R) | ggT = Id,det(g) = 1

}
.

It is compact and its fundamental group is Z2. The Lie algebra of SO(3) is the algebra
of skew-symmetric 3 × 3 real matrices

so(3) =

⎧⎨⎩
⎛⎝ 0 −a b

a 0 −c
−b c 0

⎞⎠ ∈ Mat(3,R)

⎫⎬⎭ .
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A basis of so(3) is {p1, p2, k}, where

p1 =

⎛⎝ 0 0 0
0 0 −1
0 1 0

⎞⎠, p2 =

⎛⎝ 0 0 1
0 0 0
−1 0 0

⎞⎠, k =

⎛⎝ 0 −1 0
1 0 0
0 0 0

⎞⎠,

whose commutation relations are [p1, p2] = k, [p2, k] = p1, and [k, p1] = p2. Recall
that so(3) and su(2) are isomorphic as Lie algebras, while SU(2) is a double covering
of SO(3).

For so(3) we have Kil(X,Y ) = Tr(XY ) so, in particular, Kil(pi, pj) = −2δij . The
choice of the subspaces

k = span {k} , p = span {p1, p2}

gives a Cartan decomposition for so(3). Moreover, {p1, p2} is an orthonormal frame
for the inner product 〈·, ·〉 = − 1

2Kil(·, ·) restricted to p.
Defining Δ(g) = gp and gg(v1, v2) = 〈g−1v1, g

−1v2〉, we have that (SO(3),Δ,g)
is a k⊕ p sub-Riemannian manifold. As for SU(2), all the k⊕ p structures that one
can define on SO(3) are equivalent.

3.2.1. Expression of geodesics. Consider an initial covector λ = λ(θ, c) =
cos(θ)p1 + sin(θ)p2 + ck ∈ ΛId. Using formula (11), we have that the exponential
map is

Exp(θ, c, t) := Exp(λ(θ, c), t) = e(cos(θ)p1+sin(θ)p2+ck)te−ckt =

⎛⎝ a11 a12 a13

a21 a22 a23

a31 a32 a33

⎞⎠
with

a11 = K1 cos(ct) + K2 cos(2θ + ct) + K3c sin(ct),

a12 = K1 sin(ct) + K2 sin(2θ + ct) −K3c cos(ct), a13 = K4 cos(θ) + K3 sin(θ),

a21 = −K1 sin(ct) + K2 sin(2θ + ct) + K3c cos(ct),

a22 = K1 cos(ct) −K2 cos(2θ + ct) + K3c sin(ct), a23 = −K3 cos(θ) + K4 sin(θ),

a21 = K4 cos(θ + ct) −K3 sin(θ + ct), a22 = K3 cos(θ + ct) + K4 sin(θ + ct),

a23 =
cos

(√
1 + c2t

)
+ c2

1 + c2
,

K1 =
1 +

(
1 + 2c2

)
cos

(√
1 + c2t

)
2 (1 + c2)

, K2 =
1 − cos

(√
1 + c2t

)
2 (1 + c2)

,

K3 =
sin

(√
1 + c2t

)
√

1 + c2
, K4 =

c
(
1 − cos

(√
1 + c2t

))
1 + c2

.

The set of geodesics has symmetry properties similar to the SU(2) case. The
conjugate locus can be obtained from that of the SU(2) by the canonical projection
SU(2) → SO(3). As for SU(2), all the geodesics have a countable number of conjugate
points.

3.3. The k⊕p problem on SL(2). The Lie group SL(2) is the group of 2×2
real matrices with determinant 1,

SL(2) = {g ∈ Mat(2,R) | det(g) = 1} .
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It is a noncompact group and its fundamental group is Z. The Lie algebra of SL(2)
is the algebra of traceless 2 × 2 real matrices

sl(2) =

{(
a b
c −a

)
∈ Mat(2,R)

}
.

A basis of sl(2) is {p1, p2, k}, where

p1 =
1

2

(
1 0
0 −1

)
, p2 =

1

2

(
0 1
1 0

)
, k =

1

2

(
0 −1
1 0

)
,

whose commutation relations are [p1, p2] = −k, [p2, k] = p1, and [k, p1] = p2. For sl(n)
we have Kil(X,Y ) = 2nTr(XY ) (see [20]); hence for sl(2), Kil(X,Y ) = 4Tr(XY ) and,
in particular, Kil(pi, pj) = 2δij . The choice of the subspaces

k = span {k} , p = span {p1, p2}

provides a Cartan decomposition for sl(2). For sl(2) the Cartan decomposition is
unique, since k must be the maximal compact subalgebra. Moreover, {p1, p2} is a
orthonormal frame for the inner product 〈·, ·〉 = 1

2Kil(·, ·) restricted to p.
Defining Δ(g) = gp and gg(v1, v2) = 〈g−1v1, g

−1v2〉, we have that (SL(2),Δ,g)
is a k ⊕ p sub-Riemannian manifold.

3.3.1. Expression of geodesics. Consider an initial covector λ = λ(θ, c) =
cos(θ)p1 +sin(θ)p2 + ck ∈ ΛId. Using formula (11), we have that the exponential map
is

Exp(θ, c, t) := Exp(λ(θ, c), t) = e(cos(θ)p1+sin(θ)p2+ck)te−ckt =

(
a11 a12

a21 a22

)
with

a11 = K1 cos

(
c
t

2

)
+ K2

(
cos

(
θ + c

t

2

)
+ c sin

(
c
t

2

))
,

a12 = K1 sin

(
c
t

2

)
+ K2

(
sin

(
θ + c

t

2

)
− c cos

(
c
t

2

))
,

a21 = −K1 sin

(
c
t

2

)
+ K2

(
sin

(
θ + c

t

2

)
+ c cos

(
c
t

2

))
,

a22 = K1 cos

(
c
t

2

)
+ K2

(
− cos

(
θ + c

t

2

)
+ c sin

(
c
t

2

))
,

K1 =

{
Cosh

(√
1 − c2 t

2

)
, c ∈ [−1, 1],

cos
(√

c2 − 1 t
2

)
, c ∈ (−∞,−1) ∪ (1,+∞),

K2 =

⎧⎪⎪⎨⎪⎪⎩
Sinh(

√
1−c2 t

2 )√
1−c2

, c ∈ (−1, 1),
t
2 , c ∈ {−1, 1} ,
sin(

√
c2−1 t

2 )√
c2−1

, c ∈ (−∞,−1) ∪ (1,+∞).

3.3.2. A useful decomposition of SL(2).

Proposition 7. For every g ∈ SL(2), there exists a unique pair r ∈ ek, s ∈ ep

such that g = rs.
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Fig. 6. A picture of SL(2).

Proof. First, notice that ek = SO(2) and that ep is the set of 2 × 2 symmetric
matrices with determinant 1 and positive trace.

Take

r =

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)
∈ ek and g =

(
α + δ β − γ
β + γ α− δ

)
∈ SL(2).

Notice that (α, γ) 	= (0, 0). We have to prove that there exists a unique θ ∈ R/2π
such that s = r−1g is symmetric with positive trace. By direct computation, one gets
that s is symmetric if and only if α sin(θ) = γ cos(θ). For any (α, γ) ∈ R

2\(0, 0), there
exist two solutions of this equation θ1, θ2 ∈ R/2π with θ2 = θ1 + π. Thus

Tr

((
cos(θ1) sin(θ1)
− sin(θ1) cos(θ1)

)
g

)
= −Tr

((
cos(θ2) sin(θ2)
− sin(θ2) cos(θ2)

)
g

)
.

Observing that a symmetric matrix with determinant 1 has nonvanishing trace, either
θ1 or θ2 provide Tr(s) > 0.

Topologically, ek � S1 and ep � R
2; hence SL(2) � S1×R

2. In the following, we
represent SL(2) as the set R

2 × [0, 1] with the identification rule (a, b, 0) ∼ (a, b, 1).
See Figure 6.

3.3.3. Symmetries in the SL(2) problem. We have the following symmetry
properties:

(i) cylindrical symmetry: Exp(θ, c, t) = ez0kexp1+yp2 , where(
x
y

)
=

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)(
x0

y0

)
and (x0, y0, z0) are defined by Exp(0, c, t) = ez0kex0p1+y0p2 ;

(ii) central symmetry: Exp(θ,−c, t) = e−z0kexp1+yp2 , where(
x
y

)
=

(
cos(2θ) sin(2θ)
sin(2θ) − cos(2θ)

)(
x0

y0

)
and (x0, y0, z0) are defined by Exp(θ, c, t) = ez0kex0p1+y0p2 .

3.3.4. The conjugate locus. With arguments similar to those of section 3.1.3,
one checks that g = Exp(θ, c, t) is a conjugate point if and only if⎧⎪⎨⎪⎩

Sinh (d)
(
2Sinh (d) − t

√
1 − c2Cosh (d)

)
= 0, c ∈ (−1, 1),

± t4

12 = 0, c = ±1,

sin (d)
(
2 sin (d) − t

√
c2 − 1 cos (d)

)
= 0, c 	∈ [−1, 1]
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Fig. 7. k ⊕ p problem on SU(2): Section of the 2nd conjugate locus.

with d =
√

1 − c2 t
2 when c ∈ (−1, 1) and d =

√
c2 − 1 t

2 when c 	∈ [−1, 1].
The first two equations have only the trivial solution t = 0. The third gives two

series of conjugate times as follows:
(i) first series: t2n−1 = 2nπ√

c2−1
, to which correspond the conjugate loci C2n−1

Id =

ek \ Id;
(ii) second series: t2n = 2xn√

c2−1
, where {x1, x2, . . .} is the ordered set of the

strictly positive solutions of x = tan(x), to which correspond the conjugate loci

C2n
Id =

{(
an11(c, t) an12(c, t)
an21(c, t) an22(c, t)

) ∣∣∣∣∣ c ∈ R,
θ ∈ R/2π

}

with

an11(c, t) = cos(xn) cos(yn) +
sin (xn)√
c2 − 1

(cos (θ) + c sin (yn)) ,

an12(c, t) = cos(xn) sin(yn) +
sin (xn)√
c2 − 1

(sin (θ) − c cos (yn)) ,

an21(c, t) = − cos(xn) sin(yn) +
sin (xn)√
c2 − 1

(sin (θ) + c cos (yn)) ,

an22(c, t) = cos(xn) cos(yn) +
sin (xn)√
c2 − 1

(− cos (θ) + c sin (yn)) ,

where yn = cxn√
c2−1

.

Remark 11. Notice that not all geodesics have conjugate points. Indeed, Exp(θ, c, ·)
has a conjugate point if and only if c ∈ (−∞,−1) ∪ (1,+∞).

We present an image of the 2nd conjugate locus (Figure 7). For simplicity we

present an image of its intersection with
{
ekeap1 |a ∈ R

}
. The complete picture can

be recovered using the cylindrical symmetry.
Remark 12. Notice that all even conjugate loci have self-intersection.

4. A sub-Riemannian structure on lens spaces.

4.1. Definition of L(p, q). Fix two coprime integers p, q ∈ Z, p, q 	= 0. The
lens space L(p, q) is defined as the quotient of SU(2) with respect to the identification
rule (

α1

β1

)
∼
(

α2

β2

)
if ∃ ω ∈ C pth root of unity such that

(
α2

β2

)
=

(
ω 0
0 ωq

)(
α1

β1

)
.
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Lens spaces are three-dimensional compact manifolds, but, except for L(2, 1) � SO(3),
they are neither Lie groups nor homogeneous spaces of SU(2). The following topo-
logical equivalences hold: ∀ p, q, k ∈ Z, p, q coprime, p, q 	= 0, we have L(p, q) �
L(p,−q) � L(−p, q) � L(p, q + kp). Lens spaces have highly nontrivial topology; for
details we refer the reader to [25].

The following theorem permits us to choose a representative of L(p, q) in SU(2).
Proposition 8. Consider the set

Ep =

⎧⎪⎨⎪⎩
(

α
β

)
∈ SU(2)| Re (α) > 0,

Im (α)
2

sin
(

π
p

)2 + |β|2 < 1

⎫⎪⎬⎪⎭ ⊂ SU(2)

and define ∂E+
p = ∂Ep ∩ {Im (α) ≥ 0}, ∂E−

p = ∂Ep ∩ {Im (α) ≤ 0}. Endow Ep with
the equivalence relation ÷ defined as follows:

1. The relation is reflexive;

2. moreover, given
(

α+

β+

)
∈ ∂E+

p and
(

α−

β−

)
∈ ∂E−

p , we have
(

α+

β+

)
÷(

α−

β−

)
if

(i) either Im (α+) = −Im (α−) 	= 0 and β+ = e2πi q
p β−; or

(ii) Im (α+) = Im (α−) = 0 and β+ = e2πin
p β− for some n ∈ {1, . . . , p}.

The manifold Ep/÷ is diffeomorphic to L(p, q).

Proof. Take
(

α
β

)
∈ SU(2) and let us look for ω pth root of unity such that(

ωα
ωqβ

)
∈ Ep. This condition is equivalent to

Re (ωα) ≥ 0 and
Im (ωα)

2

sin
(

π
p

)2 + |ωqβ|2 ≤ 1.(13)

Recalling that |ωqβ|2 = |β|2 = 1 − |α|2 and that Im (ωα) = |α| sin(arg(ωα)) if α 	= 0,
we see that (13) is equivalent to

arg (ωα) ∈
[
−π

p
,
π

p

]
or α = 0.(14)

Thus,
(i) if α 	= 0, there exists at least one solution ω1 of arg (ωα) ∈

[
−π

p ,
π
p

]
.

Moreover, we have two distinct solutions ω1, ω2 if and only if arg (ω1α) = −π
p and

arg (ω2α) = π
p . In this case,(

ω1α
ωq

1β

)
=

(
|α|e−iπ

p

ωq
1β

)
and

(
ω2α
ωq

2β

)
=

(
|α|eiπ

p

ωq
2β

)
;

observe that (
ω1α
ωq

1β

)
÷
(

ω2α
ωq

2β

)
.

(ii) if α = 0, every ω pth root of unity satisfies
(

0
ωqβ

)
∈ Ep; observe that for

all the pairs ω1, ω2 we have (
0

ωq
1β

)
÷
(

0
ωq

2β

)
.
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Hence ∀
(

α
β

)
∈ SU(2) we have a unique[(

ωα
ωqβ

)]
÷
∈ Ep/÷;

i.e., the function

ψ :

L(p, q) = SU(2)/∼ → Ep/÷,[(
α
β

)]
�→

[(
ωα
ωqβ

)]
÷

is bijective.
Remark 13. A crucial observation for what follows is that the projection

Π :
SU(2) → L(p, q),

g �→ [g]

is a local diffeomorphism. Moreover, Π|Ep
: Ep → L(p, q)\ [∂Ep] is a diffeomorphism.

In particular, Ep contains only one representative for each equivalence classes of
L(p, q); i.e., if g, h ∈ Ep and [g] = [h], then g = h.

Remark 14. Proposition 8 provides a picture of L(p, q); recall that SU(2) is drawn
as two balls in R

3 (see section 3.1.2). Hence Ep ⊂ SU(2) is drawn as a closed ellipsoid
inside one of the two balls, via the map

ρ :
Ep → B1(0) ⊂ R

3,(
α
β

)
�→ (Re (β) , Im (β) , Im (α)).

The picture of Ep is

Fp =

⎧⎪⎨⎪⎩(x1, x2, x3) ∈ B1(0) | x2
1 + x2

2 +
x2

3

sin
(

π
p

)2 < 1

⎫⎪⎬⎪⎭ ,

and the one of Ep is Fp; see Figure 8 (left). The identification ÷ induces the following
identification on Fp: given (x+

1 , x
+
2 , x

+
3 ) ∈ ∂F+

p = ∂Fp ∩ {x3 ≥ 0} and (x−
1 , x

−
2 , x

−
3 ) ∈

∂F−
p = ∂Fp ∩ {x3 ≤ 0}, they are identified when

x+
3 = −x−

3 and

(
x+

1

x+
2

)
=

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)(
x−

1

x−
2

)
with θ = 2πq

p ; see Figure 8 (right).
Remark 15. Observe that the identification rule on F p gives a 1-to-1 identifica-

tion between ∂Fp ∩ {x3 > 0} and ∂Fp ∩ {x3 < 0}, while there are, in general, more
identified points on

{
x2

1 + x2
2 = 1

}
∩ {x3 = 0}; see Figure 9.

4.2. Sub-Riemannian quotient structure on L(p, q).
Proposition 9. The sub-Riemannian structure on SU(2) given in section 3.1

induces a 2-dim sub-Riemannian structure on L(p, q) = SU(2)/∼ via the quotient
map

Π :
SU(2) → L(p, q),

x �→ [x];
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Fig. 8. Left: F 4. Right: the representation of L(4, 1), with some examples of the identification
rule.

Fig. 9. L(4, 1): some examples of the identification rule on
{
x2
1 + x2

2 = 1
}
∩ {x3 = 0}.

i.e.,
(i) the map

Δ̃ : [g] �→ Π∗ (Δ(h)) ⊂ T[g]L(p, q) with h ∈ [g]

is a 2-dim smooth distribution on L(p, q) that is Lie bracket generating;
(ii) g̃[g](v∗, w∗) = 〈v∗, w∗〉[g] := 〈v, w〉h with h ∈ [g], v, w ∈ ThSU(2), Π∗(v) =

v∗, Π∗(w) = w∗ is a smooth positive definite scalar product on Δ̃.
Proof. The role of the maps Π and Π∗|g

is illustrated in Figure 10.

The map Π is a local diffeomorphism; thus Π∗|g
: TgSU(2) → T[g]L(p, q) is a

linear isomorphism, and hence Π∗|g
(Δ(g)) is a 2-dim subspace of T[g]L(p, q).

The following two statements are consequences of Lemma 10, presented below:
(i) the distribution Δ̃([g]) is well defined; i.e., ∀ h1, h2 ∈ [g] we have

Π∗|h1
(Δ(h1)) = Π∗|h2

(Δ(h2)) .

(ii) The positive definite scalar product 〈v∗, w∗〉[g] is well defined; i.e., ∀ h1, h2 ∈
[g], v1, w1 ∈ Th1SU(2), v2, w2 ∈ Th2SU(2) such that Π∗|h1

(v1) = Π∗|h2
(v2) and

Π∗|h1
(w1) = Π∗|h2

(w2), we have 〈v1, w1〉h1 = 〈v2, w2〉h2 .

Lemma 10. Let h1, h2 ∈ [g] with h2 =
(

ω 0
0 ωq

)
h1. The map

φ :

p → p⎛⎝ n1

m1

0

⎞⎠ �→

⎛⎝ Re
(
ωq−1

)
−Im

(
ωq−1

)
0

Im
(
ωq−1

)
Re

(
ωq−1

)
0

0 0 0

⎞⎠⎛⎝ n1

m1

0

⎞⎠
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Fig. 10. The role of the maps Π and Π∗.

is bijective. Moreover, it is an isometry with respect to the positive definite scalar
product 〈 , 〉 and satisfies, ∀ η ∈ p,

d

dt |t=0

[
h1e

tη
]

=
d

dt |t=0

[
h2e

tφ(η)
]
.

Proof. Let h =
(

a
b

)
∈ SU(2) and η = (n,m, 0) ∈ p. We have

hetη =

(
a cos

(√
n2 + m2 t

2

)
− b sin

(√
n2 + m2 t

2

)
n−im√
n2+m2

b cos
(√

n2 + m2 t
2

)
+ a sin

(√
n2 + m2 t

2

)
n+im√
n2+m2

)
.(15)

Take h1, h2 ∈ [g] with h2 =
(

ω 0
0 ωq

)
h1 and η1, η2 ∈ p with coordinates η1 =

(n1,m1, 0) and η2 = (n2,m2, 0). Consider the trajectories

[
h1e

tη1
]

=

⎡⎢⎣
⎛⎜⎝ a cos

(√
n2

1 + m2
1
t
2

)
− b sin

(√
n2

1 + m2
1
t
2

)
n1−im1√
n2

1+m2
1

b cos
(√

n2
1 + m2

1
t
2

)
+ a sin

(√
n2

1 + m2
1
t
2

)
n1+im1√
n2

1+m2
1

⎞⎟⎠
⎤⎥⎦

and

[h2e
tη2 ] =

⎡⎢⎣
⎛⎜⎝ ωa cos

(√
n2

2 + m2
2
t
2

)
− ωqb sin

(√
n2

2 + m2
2
t
2

)
n2−im2√
n2

2+m2
2

ωqb cos
(√

n2
2 + m2

2
t
2

)
+ ωa sin

(√
n2

2 + m2
2
t
2

)
n2+im2√
n2

2+m2
2

⎞⎟⎠
⎤⎥⎦

=

⎡⎢⎣
⎛⎜⎝ a cos

(√
n2

2 + m2
2
t
2

)
− ωq−1b sin

(√
n2

2 + m2
2
t
2

)
n2−im2√
n2

2+m2
2

b cos
(√

n2
2 + m2

2
t
2

)
+ ω1−qa sin

(√
n2

2 + m2
2
t
2

)
n2+im2√
n2

2+m2
2

⎞⎟⎠
⎤⎥⎦ .

Thus d
dt |t=0

[h1e
tη1 ] = d

dt |t=0
[h2e

tη2 ] in the case⎧⎪⎨⎪⎩
n2

1 + m2
1 = n2

2 + m2
2,

n1 − im1 = ωq−1(n2 − im2),

n1 + im1 = ω1−q(n2 + im2),

that is equivalent to ωq−1(n1 + im1) = n2 + im2. This equation is verified for η2 =
φ(η1).
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Since Π is a local diffeomorphism, ∀ g ∈ SU(2) ∃ B(g) such that the map Π∗|B(g)
:

TB(g)SU(2) → TB([g])L(p, q) is a diffeomorphism, and thus Δ̃ is smooth and Lie
bracket generating, and 〈v∗, w∗〉[g] is smooth as a function of [g].

Proposition 9 implies that the sub-Riemannian structures on SU(2) and L(p, q)
defined above are locally isometric via the map Π. As a consequence, the geodesics
of (L(p, q), Δ̃, g̃) are the projection of geodesics of (SU(2),Δ,g). The conjugate locus
for L(p, q) can be obtained from that of SU(2) by the projection Π.

Remark 16. One can check that the sub-Riemannian structure induced by SU(2)
on L(2, 1) � SO(3) is equivalent to the k ⊕ p sub-Riemannian structure on SO(3)
defined in section 3.2.

5. Cut loci and distances. In this section we prove the main theorems of the
paper; i.e., we compute cut loci for SU(2), SO(3), lens spaces, and SL(2), and we
prove the formula (3) for the sub-Riemannian distance on SU(2).

Recall that our problems satisfy the following assumptions:
(i) Each point of M is reached by an optimal geodesic starting from Id; see

section 2.3;
(ii) we are in the three-dimensional contact case, and thus there are no abnormal

minimizers. Hence Remark 4 applies.
Proposition 11. Let T (θ, c) be the cut time for Exp(θ, c, ·) (possibly +∞ if

Exp(θ, c, ·) is optimal on [0,+∞)). Define

D =
{
(θ, c, t) ∈ ΛId × R

+ | 0 < t < T (θ, c)
}

and M ′ = M\ (KId ∪ Id). The function Exp|D : D → M ′ is a diffeomorphism from D
to M ′.

Proof. Let us first check that Exp(D) ⊂ M ′. By contradiction, let Exp(θ, c, t) ∈
M\M ′; thus t = 0 or t = T (θ, c) or Exp(θ, c, ·) is not optimal in [0, t], i.e., t > T (θ, c).
This is a contradiction. Let us verify that Exp|D is injective; by contradiction, let
Exp(θ1, c1, t1) = Exp(θ2, c2, t2) with (θ1, c1, t1) 	= (θ2, c2, t2). If t1 	= t2, one of the
two geodesics Exp(θ1, c1, ·),Exp(θ2, c2, ·) has already lost optimality, and thus ti ≥
T (θi, ci); hence (θi, ci, ti) 	∈ D, a contradiction. If t1 = t2, we have that Exp(θ1, c1, t1)
is a cut point, and hence t1 ≥ T (θ1, c1), a contradiction. To verify that Exp|D is
surjective, take g ∈ M ′ and observe that there is an optimal geodesic Exp(θ, c, ·)
reaching it at time t ≤ T (θ, c). But t = T (θ, c) implies g ∈ KId; thus t < T (θ, c).

The smoothness of Exp|D and of its inverse follows from the facts that Exp is
a local diffeomorphism outside the critical points (i.e., points where the differential
of Exp is not of full rank) and that the critical points do not belong to D. Indeed,
by contradiction, let (θ, c, t) ∈ D be a critical point, and hence t is a conjugate time
as follows: it is either the first conjugate time that coincides with the cut time (i.e.,
t = T (θ, c)) or a greater conjugate time (i.e., t > T (θ, c)). In both cases (θ, c, t) 	∈ D,
a contradiction.

5.1. The cut locus for SU(2).
Theorem 12. The cut locus for the k ⊕ p problem on SU(2) is

KId = ek \ Id =
{
eck | c ∈ (0, 4π)

}
.

Proof. Let

g ∈ ek \ Id =

{(
α
0

)
| α ∈ C, |α| = 1, α 	= 1

}
,
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and let Exp(θ, c, ·) be the minimizing geodesic steering Id to g in time T . As a conse-
quence of the cylindrical symmetry, we have that Exp(ψ, c, T ) = g ∀ ψ ∈ R/2π; thus(
ek\Id

)
⊂ KId.

The core of the proof is to show that there are no cut points outside ek. Recall
the expression of geodesics given in section 3.1.1. By contradiction, assume that g ∈
SU(2)\ek is reached by two different optimal trajectories Exp(θ, c, ·) and Exp(ψ, d, ·)
at time T . Observe that Exp(θ, c, 2π√

1+c2
) and Exp(ψ, d, 2π√

1+c2
) ∈ ek ⊂ KId; thus

0 < T < min

{
2π√

1 + c2
,

2π√
1 + d2

}
.(16)

Observe that Exp(θ, c, T ) = Exp(ψ, d, T ) implies that |β| is equal in the two cases,
i.e.,

sin(
√

1+c2T
2 )√

1 + c2
=

sin(
√

1+d2T
2 )√

1 + c2
.(17)

From this equation it follows that |c| = |d|. Indeed (17) is equivalent to

sin(
√

1+c2T
2 )

√
1+c2T

2

=
sin(

√
1+d2T

2 )
√

1+d2T
2

.

From the facts that
√

1+c2T
2 ,

√
1+d2T

2 ∈ (0, π) and that the function sin p
p is injective

for p ∈ (0, π), it follows that
√

1+c2T
2 =

√
1+d2T

2 , and hence |c| = |d|.
Thus we consider the following two cases:

(i) c = d ∈ R: the cylindrical symmetry implies that either θ = ψ (so the two

geodesics coincide) or g ∈ ek. This is a contradiction.
(ii) c = −d ∈ R\ {0}: with no loss of generality we assume c > 0. Since by the

central and cylindrical symmetries, we have

Exp(ψ,−c, t) =

(
α

ei(ψ+θ−arg(β))β

)
, where Exp(θ, c, t) =

(
α
β

)
,

Exp(θ, c, t) = Exp(ψ,−c, t) implies Im (α) = 0. Hence

c cos

(
ct

2

)
sin

(√
1 + c2t

2

)
=
√

1 + c2 sin

(
ct

2

)
cos

(√
1 + c2t

2

)
.(18)

The terms c, sin
(√

1+c2t
2

)
,
√

1 + c2, sin
(
ct
2

)
are nonzero because of (16) and c <√

1 + c2. Thus cos
(
ct
2

)
= 0 if and only if cos

(√
1+c2t
2

)
= 0, which is impossible

because 0 < ct
2 <

√
1+c2t
2 < π. Hence we rewrite (18) as

tan
(√

1+c2t
2

)
√

1+c2t
2

=
tan

(
ct
2

)
ct
2

and state that (0, tan(0)) ,
(
ct
2 , tan

(
ct
2

))
,
(√

1+c2t
2 , tan

(√
1+c2t
2

))
are three distinct

points aligned on the graph of the function tan in [0, π), which is impossible. This is
a contradiction.

The cut locus for the k⊕p sub-Riemannian manifold SU(2) is given in Figure 11.
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Fig. 11. The cut locus for the k ⊕ p sub-Riemannian manifold SU(2).

5.1.1. The sub-Riemannian distance in SU(2). In this section we compute
the sub-Riemannian distance on SU(2), i.e., we prove Theorem 2.

Let

g =

(
α
0

)
=

(
ei arg(α)

0

)
∈ ek.

g is reached by a geodesic Exp(θ, c, ·) at time 2π√
1+c2

for some c ∈ R. Observe that

Exp

(
θ, c,

2π√
1 + c2

)
= Exp

(
θ,±

√
4π2

t2
− 1, t

)
(19)

=

⎛⎝ − cos

(√
π2 − t2

4

)
∓ i sin

(√
π2 − t2

4

)
0

⎞⎠ =

⎛⎝ e
i

(
π±

√
π2− t2

4

)
0

⎞⎠.

Thus the distance d(g, Id) is the smallest t > 0 such that ei
(
π±

√
π2− t2

4

)
= ei arg(α),

whose solution is t = 2
√

arg (α) (2π − arg (α)), where arg (α) is chosen in [0, 2π].

Let g =
( α

β

)
∈ SU(2)\ek. Applying Proposition 11, we have that Exp−1

|D (g) is

well defined on D =
{

(θ, c, t) ∈ ΛId × R
+ | 0 < t < 2π√

1+c2

}
. Thus the sub-Rieman-

nian distance of g from the origin is d(g, Id) = t, where t is the third component of
Exp−1

|D (g), i.e., the unique solution t of Exp(θ, c, t) = g with (θ, c, t) ∈ D. Using the

explicit form of Exp given in (3.1.1), one checks that the system{
Exp(θ, c, t) = g,

(θ, c, t) ∈ D

is equivalent to ⎧⎪⎪⎪⎨⎪⎪⎪⎩
− ct

2 + arctan
(

c√
1+c2

tan
(√

1+c2t
2

))
= arg(α),

sin

(√
1+c2t
2

)
√

1+c2
=
√

1 − |α|2,
cos( ct2 + θ) + i sin( ct2 + θ) = arg(β).
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The third equation has no role in the computation of distance as a consequence of the
cylindrical symmetry.

Remark 17. The distance is a bounded function; this is due to its continuity and
the compactness of SU(2). The farthest point starting from Id is −Id, whose distance
is 2π.

Notice that ∀ α, β1, β2 ∈ C, |β1| = |β2|, we have

d

((
α
β1

)
, Id

)
= d

((
α
β2

)
, Id

)
= d

((
α
β1

)
, Id

)
.

This is due to the cylindrical and central symmetries.

5.2. The cut locus for SO(3) and lens spaces. In this section we compute
the cut locus for lens spaces L(p, q). As a particular case, we get the cut locus for
SO(3) � L(2, 1).

Theorem 13. The cut locus for the sub-Riemannian problem on L(p, q) defined
in section 9 is a stratification

K[Id] = Ksym
[Id] ∪Kloc

[Id]

with

Ksym
[Id] = [∂Ep] =

⎧⎨⎩
[(

α
β

)]
| a, b ∈ C,Re (α) ≥ 0,

Im (α)
2

sin
(
π
p

)2 + |β|2 = 1

⎫⎬⎭ ,

Kloc
[Id] =

[
ek
]
\ [Id] =

{[(
α
0

)]
| α ∈ C, |α| = 1, αp 	= 1

}
.

Proof. Let us first prove the following lemma.

Lemma 14. A geodesic γ(·) in L(p, q) steering [Id] to [g] in minimum time T
admits a unique lift γ0(·) in SU(2) starting from Id.

Moreover, γ0(t) = Exp(θ0, c0, t) ∀ t ∈ [0, T ] for some θ0 ∈ R/2π, c ∈ R.

Proof. Take γ(·) as in the hypotheses. Since L(p, q) and SU(2) are locally diffeo-
morphic via Π, there is a unique lift γ0(·) in SU(2) starting from Id; i.e., γ0(0) = Id
and [γ0(t)] = γ(t) ∀ t ∈ [0, T ].

Let us prove that γ0(·) is an optimal trajectory reaching γ0(T ). By contradiction,
there exists a trajectory γ1(·) such that γ1(t1) = γ0(T ) with t1 < T . Hence, its
projection [γ1(·)] satisfies [γ1(t1)] = [g] with t1 < T , a contradiction.

Since γ0(·) is an optimal trajectory, it is a geodesic of SU(2), and there exist
θ ∈ R/2π, c ∈ R such that γ0(t) = Exp(θ0, c0, t) ∀ t ∈ [0, T ].

Let us prove that Kloc
[Id] ⊂ K[Id]. Consider [g] ∈ Kloc

[Id], a geodesic steering [Id]

to [g] in minimum time T with unique lift Exp(θ0, c0, ·). By the definition of Kloc
[Id],

we have Exp(θ0, c0, T ) ∈ ek\Id ⊂ SU(2); i.e., Exp(θ0, c0, T ) lies in the cut locus for
the sub-Riemannian problem on SU(2). Thus there exists another optimal geodesic
Exp(θ1, c1, ·) defined in [0, T ] such that Exp(θ1, c1, T ) = Exp(θ0, c0, T ) ∈ [g]. Thus
the geodesic [Exp(θ1, c1, ·)] reaches [g] in minimum time. The geodesics in SU(2) are
distinct in a neighborhood of Id, so their projections in a neighborhood of [Id] are
distinct as well.
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Let us now prove that Ksym
[Id] ⊂ K[Id]. Consider [g] ∈ Ksym

[Id] , a geodesic steering [Id]

to [g] in minimum time T with unique lift Exp(θ0, c0, ·); call Exp(θ0, c0, T ) =
( α

β

)
∈

[g]. If β = 0, we have [g] ∈ Kloc
[Id] or [g] = [Id], so assume β 	= 0. Due to the cylindrical

and central symmetries, we have

Exp(θ0 + ψ,−c0, T ) =

(
α

e2i(θ0−arg(β))+iψβ

)
.

Consider ψ+ ∈ R/2π being a solution of e2i(θ0−arg(β))+iψ+

= e2πi q
p and ψ− ∈ R/2π

being a solution of e2i(θ0−arg(β))+iψ−
= e−2πi q

p . If Exp(θ0, c0, T ) ∈ ∂E+
p , we have

[Exp(θ0 + ψ+,−c0, T )] = [Exp(θ0, c0, T )] = [g]; if Exp(θ0, c0, T ) ∈ ∂E−
p , we have

similarly [Exp(θ0 + ψ−,−c0, T )] = [Exp(θ0, c0, T )] = [g]. If c0 	= 0, we have found two
distinct trajectories reaching [g] in optimal time; if c0 = 0, we have Exp(θ0, c0, T ) ∈
∂E+

p ∩ ∂E−
p , and thus at least one of ψ+ and ψ− is not null, so at least one of

Exp(θ0+ψ+, 0, ·) and Exp(θ0+ψ−, 0, ·) is distinct from Exp(θ0, 0, ·) in a neighborhood
of Id, as are their projections in a neighborhood of [Id].

Finally, consider [g] ∈ L(p, q)\
(
Kloc

[Id] ∪Ksym
[Id] ∪ [Id]

)
and assume by contradiction

that there exist two distinct geodesics steering [Id] to [g] in minimum time T with
distinct lifts Exp(θ0, c0, ·), Exp(θ1, c1, ·). There are two possibilities as follows:

(i) Exp(θ0, c0, T ) = Exp(θ1, c1, T ). In this case, Exp(θ0, c0, T ) lies in the cut lo-
cus for the sub-Riemannian problem on SU(2), and hence [g] ∈ Kloc

[Id], a contradiction.

(ii) Exp(θ0, c0, T ) 	= Exp(θ1, c1, T ). Since by hypothesis [g] 	∈ Ksym
[Id] , we have

Exp(θ0, c0, T ),Exp(θ1, c1, T ) 	∈ ∂Ep. Recall that, if [Exp(θ0, c0, T )] = [Exp(θ0, c0, T )]
and Exp(θ0, c0, T ),Exp(θ1, c1, T ) ∈ Ep, then Exp(θ0, c0, T ) = Exp(θ1, c1, T ), due to
Remark 13. Thus we have that Exp(θi, ci, T ) ∈ SU(2)\Ep for i = 0 or i = 1. We
assume without loss of generality that Exp(θ0, c0, T ) ∈ SU(2)\Ep; thus the geodesic
Exp(θ0, c0, t) with t ∈ [0, T ] steers Id ∈ Ep to Exp(θ0, c0, T ) ∈ SU(2)\Ep, and hence
∃ t̃ ∈ (0, T ) such that Exp(θ0, c0, t̃) ∈ ∂Ep. Then we have that γ0(t̃) = [Exp(θ0, c0, t̃)] ∈
Ksym

[Id] , and thus γ0(t) is no more optimal for t ∈ [0, T ], a contradiction.

Remark 18. Notice that Kloc
[Id] is a manifold (a circle without a point), while Ksym

[Id]

is not in general. Indeed, it is an orbifold. It can be seen as S2 ⊂ R
3 with the following

identification: (x+
1 , x

+
2 , x

+
3 ) ∈ S2 ∩ {x3 ≥ 0} and (x−

1 , x
−
2 , x

−
3 ) ∈ S2 ∩ {x3 ≤ 0} are

identified when x+
3 = −x−

3 and(
x+

1

x+
2

)
=

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)(
x−

1

x−
2

)
with θ = 2πq

p . In the case SO(3) � L(2, 1), we have that Ksym
[Id] = RP

2 (see Figure 12

(left)), while in the other cases it is not locally Euclidean; in fact, take a neighborhood
of a point P on the equator and observe that it is topologically equivalent to a set of
p half-planes with a common line as the boundary.

Next we give an idea of the topology of the cut locus for L(4, 1). Consider
the space T1 made by the two intersecting strips

{
(a, b, 0) ∈ R

3 | a, b ∈ [−1, 1]
}

and{
(a, 0, b) ∈ R

3 | a, b ∈ [−1, 1]
}

with the following identification: (−1, b, 0) ∼ (1, 0, b)
and (−1, 0, b) ∼ (1,−b, 0). The boundary of this set is topologically a circle S1. Con-
sider now a two-dimensional semisphere T2. The cut locus Ksym

[Id] is topologically equiv-

alent to the space given by gluing T1 and T2 along their boundaries S1. The cut locus
K[Id] is given by gluing Ksym

[Id] with a circle S1 along a point on T2 and then removing
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Fig. 12. Left: The cut locus for the sub-Riemannian problem on SO(3). Right: The cut locus
for the sub-Riemannian problem on L(4, 1).

a point on S1 (the starting point). See a picture of it in Figure 12 (right).

5.3. The cut locus for SL(2).

Theorem 15. The cut locus for the k ⊕ p problem on SL(2) is a stratification

KId = Ksym
Id ∪Kloc

Id

with

Ksym
Id = e2πkep =

{
g ∈ SL(2) | g = gT ,Trg < 0

}
,

Kloc
Id = ek \ Id =

{(
cos(α) − sin(α)
sin(α) cos(α)

)
| α ∈ R/2π, α 	= 0

}
.

Proof. Let us first prove that Kloc
Id ⊂ KId. Let g ∈ ek \ Id; it is reached optimally

by a geodesic Exp(θ, c, ·) at time T . Due to the cylindrical symmetry, we have g =
Exp(ψ, c, T ) ∀ ψ ∈ R/2π; thus g ∈ KId.

Let us now prove that Ksym
Id ⊂ KId. Let g = e2πkex0p1+y0p2 ∈ e2πkep; it is reached

optimally by a geodesic Exp(θ, c, ·) at time T . If x2
0+y2

0 = 0, we have g = e2πk ∈ Kloc
Id ;

thus it is a cut point. If x2
0 + y2

0 	= 0, due to the cylindrical and central symmetry, we
have Exp(θ + ψ,−c, T ) = e−2πkexp1+yp2 with(

x
y

)
=

(
cos(2θ + ψ) sin(2θ + ψ)
sin(2θ + ψ) − cos(2θ + ψ)

)(
x0

y0

)
.
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Choose ψ in such a way that θ+ ψ
2 is the angle on the plane of the line passing through

(0, 0) and (x0, y0). In this way we have
( x

y

)
=
( x0

y0

)
. Observing that e−2πk = e2πk,

we finally have that g = Exp(θ, c, T ) = Exp(θ+ψ,−c, T ). Observe that c 	= 0 because
Exp(θ, 0, ·) ∈ ep; thus the two geodesics Exp(θ, c, ·), Exp(θ + ψ,−c, ·) are distinct.

We now prove that there is no cut point outside Ksym
Id ∪Kloc

Id . By contradiction,
let g ∈ SL(2) \

(
Ksym

Id ∪Kloc
Id ∪ Id

)
be reached by two optimal trajectories Exp(θ, c, ·)

and Exp(ψ, d, ·) at time T . Writing

Exp(θ, c, t) =

(
g11(θ, c, t) g12(θ, c, t)
g21(θ, c, t) g22(θ, c, t)

)
,

we have

r(c, t) :=
√

(g11 − g22)2 + (g12 + g21)2

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Sinh(

√
1−c2 t

2 )√
1−c2

2

, c ∈ (−1, 1) ,

t, c ∈ {−1, 1} ,
sin(

√
c2−1 t

2 )√
c2−1
2

, c ∈ (−∞,−1) ∪ (1,+∞).

(20)

The identity Exp(θ, c, T ) = Exp(ψ, d, T ) implies r(c, T ) = r(d, T ), which implies
c2 = d2. Indeed, observe that in the three cases described in (20) we have, respectively,
r(c, t) > t, r(c, t) = t, r(c, t) < t; thus c, d ∈ (−1, 1) or c, d ∈ {−1, 1} or c, d ∈
(−∞,−1) ∪ (1,+∞). In each of the three cases, the identity r(c, T ) = r(d, T ) implies
c2 = d2. Indeed we have the following three cases.

Case c, d ∈ (−1, 1). In this case the conclusion follows from the fact that Sinh(p)
p is

injective for p ∈ (0,+∞).
Case c, d ∈ {−1, 1}. This case is straightforward.

Case c, d ∈ (−∞,−1) ∪ (1,+∞). Let us prove first that
√
c2−1T

2 ∈ (0, π). By contra-

diction, assume
√
c2−1T

2 ≥ π. There exists t ∈ (0, T ] such that
√
c2−1t
2 = 0;

hence r(c, t) = 0, from which it follows that Exp(θ, c, t) ∈ ek.
Hence either t < T (and Exp(θ, c, ·) is not optimal on [0, T ], a contradiction) or

t = T (and g ∈ Kloc
Id ∪ Id, a contradiction). Similarly we prove that

√
d2−1T

2 ∈
(0, π).
Now observe that r(c, T ) = r(d, T ) implies

sin
(√

c2 − 1T
2

)
√
c2−1T

2

=
sin

(√
d2 − 1T

2

)
√
d2−1T

2

.

Recalling that sin p
p is injective for p ∈ (0, π), we have

√
c2−1T

2 =
√
d2−1T

2 ;

hence c2 = d2.

We have the following two cases:

(i) c = d ∈ R. The identity g11(θ, c, T ) = g11(ψ, c, T ) implies either θ = ψ (i.e.,
the geodesics coincide) or c ∈ (−∞,−1)∪ (1,+∞), and thus sin

(√
c2 − 1T

2

)
= 0, i.e.,

exp(θ, c, T ) ∈ ek; hence either g = Id or g ∈ Kloc
Id , a contradiction.

(ii) c = −d ∈ R\ {0}. Writing g = ezkex0p1+y0p2 , we have Exp(ψ,−c, T ) =
e−zkexp1+yp2 . The identity Exp(θ, c, T ) = Exp(ψ,−c, T ) and the uniqueness of the
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Fig. 13. The cut locus for the k ⊕ p sub-Riemannian manifold SL(2).

decomposition from section 3.3.2 imply ezk = ±Id. Thus g is symmetric, i.e.,
g12(θ, c, T ) = g21(θ, c, T ).

If c ∈ (−1, 1) this equation implies

tan
(
cT2

)
cT2

=
Tanh

(√
1 − c2 T

2

)
√

1 − c2 T
2

.

Choosing c > 0, observe that the first positive solution T1 of the equation

tan
(
cT1

2

)
cT1

2

=
Tanh

(√
1 − c2 T1

2

)
√

1 − c2 T1

2

satisfies T1 ∈
(
π, 3π

2

)
. The other cases, c ∈ {−1, 1} and c ∈ (−∞,−1) ∪ (1,+∞), are

treated similarly and lead to T1 ∈
(
π, 3π

2

)
.

Thus cos
(
cT1

2

)
< 0, and hence Tr (g) < 0. But Exp(θ, c, T1) symmetric and

Tr (g) < 0 implies Exp(θ, c, T1) ∈ Ksym
Id ; i.e., T1 is a cut time. Thus either T = T1

(meaning that Exp(θ, c, t) ∈ Ksym
Id ) or T > T1 and Exp(θ, c, ·) is not optimal in [0, T ],

a contradiction.
We give a picture of the cut locus for the k⊕ p sub-Riemannian manifold SL(2)

in Figure 13.
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