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INVARIANT CARNOT-CARATHEODORY METRICS ON S3, SO(3),
SL(2), AND LENS SPACES*

UGO BOSCAINT AND FRANCESCO ROSSI#

Abstract. In this paper we study the Carnot—Caratheodory metrics on SU(2) ~ S3, SO(3), and
SL(2) induced by their Cartan decomposition and by the Killing form. Besides computing explicitly
geodesics and conjugate loci, we compute the cut loci (globally), and we give the expression of the
Carnot—Caratheodory distance as the inverse of an elementary function. We then prove that the
metric given on SU(2) projects on the so-called lens spaces L(p, q). Also for lens spaces, we compute
the cut loci (globally). For SU(2) the cut locus is a maximal circle without one point. In all other
cases the cut locus is a stratified set. To our knowledge, this is the first explicit computation of the
whole cut locus in sub-Riemannian geometry, except for the trivial case of the Heisenberg group.
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1. Introduction. In this paper we study the global structure of the cut locus
(the set of points reached optimally by more than one geodesic) for the simplest sub-
Riemannian structures on three-dimensional simple Lie groups (i.e., SU(2), SO(3),
and SL(2)), namely, the left-invariant sub-Riemannian structures induced by their
Cartan decomposition and by the Killing form.

Let G be a simple real Lie group of matrices with associated Lie algebra L and
Killing form Kil(+,:). Let L = k @ p be its Cartan decomposition with the usual
commutation relations [k, k] C k, [p,p] C k, [k,p] C p. If L is noncompact, we
also require k to be the maximal compact subalgebra of L. The most natural left-
invariant sub-Riemannian structure that one can define on G is the one in which the
distribution is generated by left translations of p, and the sub-Riemannian metric (-, -)
at the identity is generated by a scalar multiple of the Killing form restricted to p.
The scalar must be chosen positive or negative in such a way that the scalar product
is positive definite. We call G, endowed with such a sub-Riemannian structure, a k@ p
sub-Riemannian manifold.

k @ p sub-Riemannian manifolds have very special features: there are no strict
abnormal minimizers, and the Hamiltonian system given by the Pontryagin maximum
principle (PMP) is integrable in terms of elementary functions (products of exponen-
tials). More precisely, if we write the distribution at a point g € G as A(g) = gp,
we have the following expression for geodesics parametrized by arclength, starting at
time zero from gg (see [3, 10, 14, 22, 23]):

(1) g(t) = guelAr At

where Ay, € k, A, € p, and we have (4,, A,) = 1. Thanks to left-invariance, without
loss of generality we can always assume that gy is the identity, and we will do so
throughout the paper.
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1852 UGO BOSCAIN AND FRANCESCO ROSSI

Cut locus and
first Conjugate locus

L | -— Sub-Riemannian sphere

Starting point

F1a. 1. Local structure of sub-Riemannian spheres and of cut and conjugate loci for 3-dim k@ p
sub-Riemannian manifolds.

In all three-dimensional cases (i.e., SU(2), SO(3), and SL(2)), p has dimension 2,
while k has dimension 1. Writing p = span {p1, p2}, where {p1,p2} is an orthonormal
frame for the sub-Riemannian structure (i.e., (p;,p;) = é;;) and k = span{k}, we
can write A, = cos(0)p1 + sin(f)pe and Ay = ck with § € R/27, ¢ € R. The map
associating to the triple (0, ¢,t) the final point of the corresponding geodesic starting
from the identity is called the exponential map,

SIxRxRt — @G,
0,c,t) —  Exp(f,c,t) = e(ArtAp)to—Axt

For three-dimensional k @ p sub-Riemannian manifolds, the local structure of
the sub-Riemannian spheres, cut loci, and conjugate loci starting from the identity
has been described by Agrachev (unpublished), and, due to cylindrical symmetry
of the Killing form in the p subspace, it is very similar to that of the Heisenberg
group. Indeed, locally, the cut locus coincides with the first conjugate locus (i.e., the
set where local optimality is lost) and is made by two connected one-dimensional
manifolds adjacent to the identity and transversal to the distribution; see Figure 1.

However, the global structure of the cut locus was still unknown. Indeed, to our
knowledge, no global structure of the cut locus is known in sub-Riemannian geometry
apart from that of the Heisenberg group.

The main result of our paper is the following.

THEOREM 1. Let Kiq be the cut locus starting from the identity. We have the
following:

(i) For SU(2), K14 is a mazimal circle S* without one point (the identity).

(ii) For SO(3), Kiq is a stratified set made by two manifolds glued in one point.
The first manifold is RIP?; the second manifold is a mazimal circle S* without one
point (the identity).

(iii) For SL(2), Kiq is a stratified set made by two manifolds glued in one point.
The first manifold is R?; the second manifold is a circle S' without one point (the
identity).

A picture of the three cut loci is given in Figure 2.

Exp :

For all cases, the one-dimensional strata contain the cut locus appearing in the
local analysis.

Notice that the k @ p sub-Riemannian manifold SU(2) has the structure of a CR
(Cauchy—Riemann) manifold and is a tight structure [7, 16].

Once the cut locus is computed, one can obtain the expression of the sub-
Riemannian distance from the identity. The following theorem gives the sub-
Riemannian distance for SU(2). The proof, given in section 5.1.1, can be adapted
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I
Id :

$? with antipodal identification R?
~ RP?

F1G. 2. The cut loci for the k & p sub-Riemannian manifolds SU(2), SO(3), and SL(2).

to get similar results in the cases of SO(3) and SL(2).
THEOREM 2. Let

SU(Z):{( _QB 5) | a, B € C, a|2+|ﬂ|2:1}.

a
Consider the sub-Riemannian distance from Id defined by
. Uy 0 1 ug (0 1
=030 0)+5(00))
T
d(Id, g1) := inf{ uf +uj | g(0) =1d, g(T) = 91} :
0

It holds that

@) d(Id,(_aﬁ g)):{iﬁrg(”(%_mg(a)) ; g;g

where arg («) € [0,27] and ¥ (a) =t is the unique solution of

—< + arctan (\/1‘;62 tan ( Y 1‘5‘3%)) = arg(a),
(3) Sin<7\/1;7t
SR N Sy

27
ve (0.78=)

1853

This theorem and its analogues for SO(3) and SL(2) are useful to give esti-
mates for the fundamental solutions of the hypoelliptic heat equation induced by the
sub-Riemannian structure (see [5, 12, 17, 19]). Moreover, this theorem can be seen
as the answer, in the case of SU(2), to the question (formulated in [14]) about the
possibility of inverting the matrix equation (1); i.e., for every matrix g € SU(2),
find a matrix A = A, + A,, with (4,,4,) = 1, being a solution to the equation
g = goelArtAr)te=Art If 3 - 0, then this equation has one and only one solu-
tion; otherwise it has more than one solution (indeed, infinitely many; see sections 3

and 5).
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1854 UGO BOSCAIN AND FRANCESCO ROSSI

Then we study the most natural sub-Riemannian structures on the lens spaces
L(p, q) induced by the one on SU(2). The lens space L(p, q) (with p, ¢ coprime integers,
p,q # 0) is the quotient of SU(2) by the equivalence relation

o B o o . .
— |~ = 7 if 3 w € C pth root of unity such that
( —51 aq ) ( —52 Q2 ) b Y

(5)-(5 &)%)

o) 0 wf b )’

The lens spaces are three-dimensional manifolds, but they are neither Lie groups nor
homogeneous spaces of SU(2), except for the case L(2,1) ~ SO(3) .

In the case of lens spaces, we get that the cut locus is much more complicated
with respect to those on SU(2) and SL(2). It is still a stratified set, but in general
with more strata. The precise description is given in section 5.2.

Sub-Riemannian structures on the lens space L(4,1) are particularly interest-
ing for mechanical applications and for problems of geometry of vision on the two-
dimensional sphere. Indeed, L(4,1) ~ PTS?, the bundle of directions of S?. These
applications are the subject of a forthcoming paper.

The structure of this paper is the following. In section 2 we recall the definition of
sub-Riemannian manifold, state the PMP (that is a first order necessary condition for
optimality for problems of calculus of variations with nonholonomic constraints), and
define the cut and conjugate loci. Then we define k & p sub-Riemannian manifolds.
In section 3 we define k @ p sub-Riemannian structures on SU(2), SO(3), and SL(2)
and compute the corresponding geodesics and conjugate loci. In section 4 we give
sub-Riemannian structures on lens spaces as quotients of the k @ p sub-Riemannian
structure on SU(2). The core of the paper is section 5, where we compute the cut loci
and the sub-Riemannian distance. The general idea is the following: we first identify
the prolongation of the cut locus arising locally, then we compute the part of the cut
locus due to the symmetries of the problem, and finally, we show that there is no
other cut point.

2. Basic definitions.

2.1. Sub-Riemannian manifold. An (n,m)-sub-Riemannian manifold is a tri-
ple (M, A, g), where
(i) M is a connected smooth manifold of dimension n;
(ii) A is a Lie bracket generating smooth distribution of constant rank m < n;
ie., A is a smooth map that associates to ¢ € M an m-dim subspace A(q) of T,M,
and V ¢ € M, we have

(4)
span {[f1, [ it il - J)(a) | fi € Vec(M) and fi(p) € Alp) ¥ p € M} =T, M.

Here Vec(M) denotes the set of smooth vector fields on M.

(iii) g4 is a Riemannian metric on A(g), that is, smooth as a function of g.

The Lie bracket generating condition (4) is also known as the Hoérmander
condition.

A Lipschitz continuous curve v : [0,7] — M is said to be horizontal if ¥(t) €
A(y(t)) for almost every ¢ € [0,T]. Given a horizontal curve v : [0,7] — M, the
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INVARIANT CARNOT-CARATHEODORY METRICS 1855

length of ~v is

T
(5) 1) = [ (050 a

The distance induced by the sub-Riemannian structure on M is the function
(6) d(qo, q1) = inf{l(y) [ 7(0) = go,¥(T') = ¢1,7 horizontal}.

The hypothesis of connectedness of M and the Lie bracket generating assumption
for the distribution guarantee the finiteness and the continuity of d(-,-) with respect
to the topology of M (Chow’s theorem; see, for instance, [3]).

The function d(-,-) is called the Carnot—Caratheodory distance and gives to M
the structure of metric space (see [6, 18]).

It is a standard fact that I(v) is invariant under reparametrization of the curve
~. Moreover, if an admissible curve v minimizes the so-called energy functional

T
B(y) = / & (5(1), 5(1)) dt

with 7" fixed (and fixed initial and final point), then v = /g, )(¥(t),¥(t)) is constant
and v is also a minimizer of /(). On the other hand, a minimizer ~ of /() such that
v is constant is a minimizer of E(-) with T' = I(v)/v.

A geodesic for the sub-Riemannian manifold is a curve v : [0,7] — M such
that for every sufficiently small interval [t1,¢2] C [0,7T], v, ,,, is a minimizer of
E(-). A geodesic for which g, )(¥(t),7(t)) is (constantly) equal to one is said to be
parametrized by arclength.

Locally, the pair (A, g) can be given by assigning a set of m smooth vector fields
that are orthonormal for g, i.e.,

(7) A(q) =span{Fi(q), .-, Fm(q)}, 8¢(Fi(q), F(q)) = bij-

When (A, g) can be defined as in (7) by m vector fields defined globally, we say that
the sub-Riemannian manifold is trivializable.

Given a (n,m)-trivializable sub-Riemannian manifold, the problem of finding a
curve minimizing the energy between two fixed points qg,q1 € M is naturally formu-
lated as the optimal control problem

T m

i=1 0 =1

It is a standard fact that this optimal control problem is equivalent to the minimum
time problem with controls u1, ..., u,, satisfying u? + --- +u2, < 1.

When the manifold is analytic and the orthonormal frame can be assigned through
m analytic vector fields, we say that the sub-Riemannian manifold is analytic.

In this paper we are concerned with sub-Riemannian manifolds that are trivial-
izable and analytic since they are given in terms of left-invariant vector fields on Lie
groups.
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1856 UGO BOSCAIN AND FRANCESCO ROSSI

2.2. First order necessary conditions, cut locus, and conjugate locus.
Consider a trivializable (n,m)-sub-Riemannian manifold. Solutions to the optimal
control problem (8) are computed via the PMP (see, for instance, [3, 11, 21, 24])
that is a first order necessary condition for optimality and generalizes the Weierstraf}
conditions of the calculus of variations. For each optimal curve, the PMP provides
a lift to the cotangent bundle that is a solution to a suitable pseudo-Hamiltonian
system.

THEOREM 3 (PMP for the problem (8)). Let M be an n-dimensional smooth
manifold, and consider the minimization problem (8), in the class of Lipschitz contin-
uous curves, where F;, i =1,...,m are smooth vector fields on M and the final time
T is fired. Consider the map H: T*M x R x R™ — R defined by

H(q, A\, po, u) := <)\»ZuiFi(Q)> +Pozuf(t)-

If the curve g(.) : [0,T] — M corresponding to the control u(.) : [0,T] — R™ is
optimal, then there exist a never vanishing Lipschitz continuous covector X\(.) : t €
[0,T] — A(t) € Ty ,yM and a constant py < 0 such that, for a.e. t € [0,T],

(1) 4(t) = G (a(t), A(2), po, u(t)),
(i) At) = =G (q(t), A(t), po, u(t)), and

(i) ZE2(q(), A1), po u(t)) = 0.

Remark 1. A curve g(.) : [0, T] — M satisfying the PMP is said to be an extremal.
In general, an extremal may correspond to more than one pair (A(.), po). If an extremal
satisfies the PMP with pg # 0, then it is called a normal extremal. If it satisfies the
PMP with py = 0 it is called an abnormal extremal. An extremal can be both normal
and abnormal. For normal extremals one can normalize pg = —1/2.

If an extremal satisfies the PMP only with pg = 0, then it is called a strict
abnormal extremal. If a strict abnormal extremal is optimal, then it is called a strict
abnormal minimizer. For a deep analysis of abnormal extremals in sub-Riemannian
geometry, see [8, 15].

It is well known that all normal extremals are geodesics (see, for instance, [3]).
Moreover, if there are no strict abnormal minimizers, then all geodesics are normal
extremals for some fixed final time T'. This always will be the case in this paper; indeed,
we are concerned with sub-Riemannian manifolds of dimension 3, defined by a pair of
vector fields F; and F5 such that V ¢ € M, span{Fi(q), F2(q), [F1(q), F2(q)]} = T4 M,
i.e., the so called three-dimensional contact case, for which there are no abnormal
extremals (not even nonstrict).

In this case, from (iii) one gets u;(t) = (A(t), F;(t)), i = 1,...,m, and the PMP
becomes much simpler: a curve ¢(.) is a geodesic if and only if it is the projection on
M of a solution (A(t), q(t)) for the Hamiltonian system on T*M corresponding to

m
H(\,q) = % <Z<A,Fi(q>>2> , gEM, NeT;M
i=1
satisfying H(A(0),¢(0)) # 0.

Remark 2. Notice that H is constant along any given solution of the Hamiltonian
system. Moreover, H = % if and only if the geodesic is parametrized by arclength. In
the following, for simplicity of notation we assume that all geodesics are defined for
t €0, +00).

Fix go € M. For every Ao € T; M satistying

9) H(Xo,q0) =1/2
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and every t > 0, define the exponential map Exp(Ag, t) as the projection on M of the
solution, evaluated at time ¢, of the Hamiltonian system associated with H, with initial
condition A(0) = Ag and ¢(0) = go. Notice that condition (9) defines a hypercylinder
Agy = S™ P X R™™™ in T M.

DEFINITION 4. The conjugate locus from g is the set Cy, of critical values of
the map

Fxp : Ay xR — M,
" (Most) = Exp(Xo,t).

For every \g € Agy, let t(Xo) be the nth positive time, if it exists, for which the
map (Ao, t) — BExp(Xo,t) is singular at (Ag,t(Xo)). The nth conjugate locus from
qo Cp is the set {Exp(Xo, (X)) | t(Xo)ewists}.

The cut locus from qo is the set Ky, of points reached optimally by more than
one geodesic, i.e., the set

q = Exp(\1,t),

)\la)\Q eAqO; )\1 7é)‘27 q:EXp()\Qvt)a

teRT such that Exp(A1,-) optimal in [0, 1],
Exp(Ag, +) optimal in [0, ].

Kyp={qeM]|3

0

Remark 3. Tt is a standard fact that for every Ao satisfying (9), the set T'(\g) =
{t > 0| Exp(\, t) is singular at (X, %)} is a discrete set (see, for instance, [3]).
Remark 4. Let (M, A, g) be a sub-Riemannian manifold. Fix ¢o € M and assume
that
(i) Each point of M is reached by an optimal geodesic starting from go;
(ii) there are no abnormal minimizers.
The following facts are well known (a proof in the three-dimensional contact case can
be found in [4]):
(i) The first conjugate locus C;D is the set of points where the geodesics starting
from qq lose local optimality;
(ii) if g(.) is a geodesic starting from qg, and ¢ is the first positive time such that
q(t) € K4 UCy,, then g(.) loses optimality in ¢; i.e., it is optimal in [0,%] and not
optimal in [0, ¢] for any ¢ > ¢;
(iii) if a geodesic g(.) starting from qo loses optimality at ¢ > 0, then ¢(t) €
Kq, UC,,.
As a consequence, when the first conjugate locus is included in the cut locus (as in
our cases; see section 5), the cut locus is the set of points where the geodesics lose
optimality.
Remark 5. 1t is well known that, while in Riemannian geometry K, is never
adjacent to qo, in sub-Riemannian geometry this is always the case. See [2].

2.3. k @& p sub-Riemannian manifolds. For the sake of simplicity in the
exposition, throughout the paper, when we deal with Lie groups and Lie algebras, we
always consider that they are groups and algebras of matrices.

Let L be a simple Lie algebra and Kil(X,Y) = Tr(adx o ady) its Killing form.
Recall that the Killing form defines a nondegenerate pseudoscalar product on L. In
the following we recall what we mean by a Cartan decomposition of L.

DEFINITION 5. A Cartan decomposition of a simple Lie algebra L is any decom-
position of the form

(10) L=k®p, where [k,k] Ck, [p,p]Ck, [k,p|Cp.
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1858 UGO BOSCAIN AND FRANCESCO ROSSI

DEFINITION 6. Let G be a simple Lie group with Lie algebra L. Let L=k @ p be
a Cartan decomposition of L. In the case in which G is noncompact, assume that k
is the maximal compact subalgebra of L.

On G, consider the distribution A(g) = gp endowed with the Riemannian metric
g, (v1,v2) = (g7 w1, g7 wa), where (|, ) ==« Kil‘p( , ) and a <0 (resp., « >0) if G
is compact (resp., noncompact).

In this case we say that (G, A, g) is a k ® p sub-Riemannian manifold.

The constant « is clearly not relevant. It is chosen just to obtain good normal-
izations.

Remark 6. In the compact (resp., noncompact) case, the fact that g is positive
definite on A is guaranteed by the requirement a < 0 (resp., by the requirements
a > 0 and k maximal compact subalgebra).

Let {X,} be an orthonormal frame for the subspace p C L, with respect to
the metric defined in Definition 6. Then the problem of finding the minimal energy
between the identity and a point g1 € G in fixed time T becomes the left-invariant
optimal control problem

T
g=g Zquj , uj € LOO(O,T),/ Zu?(t) dt — min, ¢(0)=1d, ¢(T) = g1.
j 0

This problem admits a solution; see, for instance, Chapter 5 of [13].

For k@p sub-Riemannian manifolds, one can prove that strict abnormal extremals
are never optimal, since the Goh condition (see [3]) is never satisfied. Moreover, the
Hamiltonian system given by the PMP is integrable and the explicit expression of
geodesics starting from the identity and parametrized by arclength is

(11) g(t) = elArtn)tem At

where A, € k, A, € p, and (4,,A4,) = 1. This formula is well known in the com-
munity. It was used independently by Agrachev [1], Brockett [14], and Kupka (oral
communication). The first complete proof was written by Jurdjevic in [22]. The proof
that strict abnormal extremals are never optimal was first written in [10]. See also
(3, 23].

Remark 7. In the three-dimensional case, the Hamiltonian system given by the
PMP is indeed integrable even if the cost is not built with the Killing form (biinvari-
ant) but is only left-invariant. For the case of SO(3) see [9].

3. SU(2), SO(3), SL(2), their geodesics, and their conjugate loci. In
this section we fix coordinates on SU(2), SO(3), SL(2), and we apply formula (11)
in order to get the explicit expressions for geodesics and conjugate loci.

3.1. The k & p problem on SU(2). The Lie group SU(2) is the group of
unitary unimodular 2 x 2 complex matrices

SU(2) = {( ol ) € Mat(2,C) | af? + |32 = 1}.

It is compact and simply connected. The Lie algebra of SU(2) is the algebra of anti-
Hermitian traceless 2 x 2 complex matrices

su(2) = {( i‘% _f.a ) € Mat(2,C) | aeR,ﬁeC}.
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A basis of su(2) is {p1,p2, k}, where

1 0 1 170 4 1/4¢ 0

whose commutation relations are [p1,p2] = k, [p2, k] = p1, and [k, p1] = pa. Recall
that for su(n) we have Kil(X,Y) = 2nTr(XY) (see [20, pp. 186, 516]); thus for
su(2), Kil(X,Y) = 4Tr(XY') and, in particular, Kil(p;, p;) = —26;;. The choice of the
subspaces

k=span{k}  p=span{pi,p2}

provides a Cartan decomposition for su(2). Moreover, {p1, p2} is an orthonormal frame
for the inner product (-,-) = —1Kil(-, ) restricted to p.

Defining A(g) = gp and g, (vi,v2) = (g7 v1, g va), we have that (SU(2), A, g)
is a k @ p sub-Riemannian manifold.

Remark 8. Observe that all the k @ p structures that one can define on SU(2)
are equivalent. For instance, one could set k = span {p;} and p = span {p, k}.

Recall that

SU(Z):S?’:{( §)€C2||a|2+|ﬁ|2:1}

via the isomorphism
SU(2) — 83
“(5a) - ()
-6 a B )
In the following we always write elements of SU(2) as pairs of complex numbers.

3.1.1. Expression of geodesics. We compute the explicit expression of geode-
sics using the formula (11). Consider an initial covector A = A(#,¢) = cos(0)p; +
sin(@)p2 + ck € Ajq. The corresponding exponential map is

Exp(0, ¢, 1) i= Bxp(A(, ), £) = elcosOprsin@prreb)t—ckt _ ( . )

with

We have the following symmetry properties:
(i) cylindrical symmetry:

Bxp(0,et) = () Bxp(0.c.0)
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Identified points

Fic. 3. Left: construction of the 2-dim picture of S2. Right: the 3-dim picture of S3.

(ii) central symmetry: Set ( Z ) = Exp(6, ¢, t). We have

a .
( (2i0-arg(9) g ) it 570,

@ , B
<0> if g=0.

3.1.2. Pictures of S2? and S3. We recall a standard construction for repre-
senting S? in a two-dimensional space and S2 in a three-dimensional space. For more
details, see, e.g., [26]. Consider S? C R3 and flatten it on the equator plane, pushing
the northern hemisphere down and the southern hemisphere up, getting two super-
imposed disks D? joined along their circular boundaries. The construction is drawn
in Figure 3 (left). Similarly, consider S3 C C? ~ R*: it can be viewed as two superim-
posed balls joined along their boundaries. In this case the boundaries are two spheres
S2. A picture of S? is given in Figure 3 (right).

Exp(0, —c,t) =

3.1.3. The conjugate locus. Recall that all the partial derivatives of Exp eval-
uated in (0, ¢, t) lie in T,SU(2) = ¢ - su(2) with g = Exp(0, ¢, t). One can easily check

— OEx —1 OExp —1 OExp
that the three vectors g~ ! - &R . . su(2) are
9 90 |6,c,t)’ 9 9c |(g,c,t)’ 9 Ot | (0,c,t) € ( )

linearly dependent (hence g is a Conjugate point) if and only if

t t t
sin (\/1—1—022) (QSin (\/1—1—02) — /14 c?tcos <\/1+c22)) =0.

2

The first term is 0 if and only if g € eX = {( z )| |a| =1}, while the second van-
ishes if and only if v/1 + 02% = tan (\/ 1+ 02%); hence we have two series of conjugate

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



INVARIANT CARNOT-CARATHEODORY METRICS 1861

(1

Fic. 4. k ® p problem on SU(2): projection of the odd conjugate loci.

Fi1G. 5. k @ p problem on SU(2): projection of the 2nd, 4th, and 6th conjugate loci.

times as follows:
2nm

Jite

(i) first series: to,—1 = to which correspond the conjugate loci 01251_1 =
K\ 1d;

(ii) second series: to, = Vit where {z1,x9,...} is the ordered set of the

strictly positive solutions of & = tan(z), to which correspond the conjugate loci

csin(zy,) i( E—yp, —iYn
ch = {( ﬁe“ 0n) 1 cos(iy e )

sin(zy) 0

c€eR,
e 0eR/2r [
V1+c2

CTn
V14c2®
Remark 9. Notice that all the geodesics have a countable number of conjugate

times.

where y,, =

We present some images of conjugate loci (Figures 4 and 5). For simplicity we
present images of their sections with the plane Re (3) = 0. The complete images can
be recovered using cylindrical symmetry.

Remark 10. Notice that the second conjugate locus is a two-dimensional sub-
manifold of SU(2), while the other even conjugate loci have self-intersections.

3.2. The k @ p problem on SO(3). The Lie group SO(3) is the group of
special orthogonal 3 x 3 real matrices

SO(3) = {g € Mat(3,R) | gg" =1d,det(g) =1}.

It is compact and its fundamental group is Zs. The Lie algebra of SO(3) is the algebra
of skew-symmetric 3 x 3 real matrices

0 —a b
s0(3) = a 0 —c | €Mat(3,R)
-b c 0
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A basis of so(3) is {p1, p2, k}, where

0 0 O 0 01 0 -1 0
p=|0 0 =1 |, p2= 0 00|, k=1 0 0|,
01 0 -1 0 0 0 0 O
whose commutation relations are [p1,pa] = k, [p2, k] = p1, and [k, p1] = pa. Recall

that so(3) and su(2) are isomorphic as Lie algebras, while SU(2) is a double covering
of SO(3).

For so(3) we have Kil(X,Y) = Tr(XY) so, in particular, Kil(p;, p;) = —26;;. The
choice of the subspaces

k = span {k}, p = span {p1,p2}

gives a Cartan decomposition for so(3). Moreover, {p1,p2} is an orthonormal frame
for the inner product (-, ) = —%Kil(-, -) restricted to p.

Defining A(g) = gp and g, (v1,v2) = (g7 v1, g7 va), we have that (SO(3), A, g)
is a k @ p sub-Riemannian manifold. As for SU(2), all the k @ p structures that one
can define on SO(3) are equivalent.

3.2.1. Expression of geodesics. Consider an initial covector A = A(f,¢) =
cos(0)p1 + sin(f)ps + ck € Apg. Using formula (11), we have that the exponential
map is

a1 a2 a13

Exp(6,c,t) := Exp(A(6, ¢), t) = elcos@Opitsin@pateh)to=ckt _ [ ) 50 ayg
azp azz2 as3

with

a1 = Kj cos(ct) + K cos(260 + ct) + Kzcsin(ct),
a1z = Kj sin(ct) + Ko sin(260 + ct) — Ksccos(ct), a13 = Ky cos(8) + K5sin(6),
as = —Kj sin(ct) + Ko sin(26 + ct) + Ksccos(ct),
ase = Kj cos(ct) — Ko cos(20 + ct) + Kscsin(ct), ag3 = —K3cos(0) + Ky sin(6),
agz = Ky cos(f + ct) — Kssin(f + ct), agza = Kscos(0 + ct) + Kysin(f + ct),
cos (V1+ c2t) + ¢?
a3 = 1 2 ’
+c
14 (1+2¢%) cos (V1 + c%t) 1 —cos (V1 + c%t)
Kl = ) K2 = 9 (1 + 02> )

2(1+4¢?)
sin (\/ 1+ czt) _c (1 — oS (\/1 + cQt))
N 1+ ¢2

Ky— WV 7Y g
’ Vite *

The set of geodesics has symmetry properties similar to the SU(2) case. The
conjugate locus can be obtained from that of the SU(2) by the canonical projection
SU(2) — SO(3). As for SU(2), all the geodesics have a countable number of conjugate
points.

3.3. The k@ p problem on SL(2). The Lie group SL(2) is the group of 2 x 2
real matrices with determinant 1,

SL(2) = {g € Mat(2,R) | det(g) =1}.
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It is a noncompact group and its fundamental group is Z. The Lie algebra of SL(2)
is the algebra of traceless 2 x 2 real matrices

A basis of sl(2) is {p1, pe, k}, where

_1/1 0 /o1 k_}O—l
P11 = 2 0 —1 y P2 = 2 1 0 P - 2 1 0 )
whose commutation relations are [p1, pa] = —k, [p2, k] = p1, and [k, p1] = po. For si(n)
we have Kil(X,Y) = 2nTr(XY) (see [20]); hence for sl(2), Kil(X,Y) = 4Tr(XY) and,
in particular, Kil(p;, p;) = 26;;. The choice of the subspaces

k = span {k}, p = span {p1,p2}

provides a Cartan decomposition for sl(2). For si(2) the Cartan decomposition is
unique, since k must be the maximal compact subalgebra. Moreover, {p,p2} is a
orthonormal frame for the inner product (-,-) = $Kil(-, ) restricted to p.

Defining A(g) = gp and gg(v1,v2) = (g~ v1, g 'v2), we have that (SL(2),A,g)
is a k @ p sub-Riemannian manifold.

3.3.1. Expression of geodesics. Consider an initial covector A = A(f,¢) =
cos(0)p1 +sin(f)p2 + ck € Arq. Using formula (11), we have that the exponential map
is

Exp(0,c.t) = Exp(A(0, ), £) = el Oprtsin@paseh)tgckt ( )

a21  A22
=K ! +K 0+ ! + csi t
a11 = Ki cos 02 5 | cos 02 csin 2
. . t t
algzKlsln( 2>+K (sm (9—1—02) — ccos (c))
. t t
a21:—K151n< ) + Ko <sm (0+02) +ccos< 2))
=K K 0 t t
a99 = kK1 COS 05 + Ko [ — cos + 05 + csin 5

with

K= Cosh (V1 —c21), ce-1,1],
R (Ver =1L, ¢ € (—o0,—1)U(1,+00),
Slnh(\/l—cz%)
1_c2 ’ (_171)
Ky = %7 66{71,1},
sm( czflé)
2—1 ce (_ ) (17+OO)

3.3.2. A useful decomposition of SL(2).

PROPOSITION 7. For every g € SL(2), there exists a unique pair r € ek, s€eP
such that g = rs.
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T

F1G. 6. A picture of SL(2).

Proof. First, notice that ek = SO(2) and that eP is the set of 2 X 2 symmetric
matrices with determinant 1 and positive trace.
Take

(o O Y ek g = (550 07 sty

Notice that («,) # (0,0). We have to prove that there exists a unique 6 € R/2w
such that s = r~'g is symmetric with positive trace. By direct computation, one gets
that s is symmetric if and only if asin(f) =+ cos(6). For any (a,v) € R?\(0,0), there
exist two solutions of this equation 01,02 € R/27 with 02 = 6; 4+ «. Thus

cos(fy)  sin(6y) cos(fz)  sin(fz)

Tr (< —sin(61) cos(61) ) g) =T (( —sin(f2) cos(62) ) g) '
Observing that a symmetric matrix with determinant 1 has nonvanishing trace, either
61 or 6, provide Tr(s) > 0. ad

Topologically, X ~ 51 and eP ~ R2; hence SL(2) ~ S' xR2. In the following, we
represent SL(2) as the set R? x [0, 1] with the identification rule (a,b,0) ~ (a,b,1).
See Figure 6.

3.3.3. Symmetries in the SL(2) problem. We have the following symmetry
properties:
(i) cylindrical symmetry: Exp(f,c,t) = e*0*e®P1+¥P2 where

x \ [ cos(d) —sin(h) xo

y )\ sin(d) cos(d) Yo

and (z9, 9o, z0) are defined by Exp(0, ¢, t) = e*keor1+yorz,
(ii) central symmetry: Exp(0, —c,t) = e~ *0ke™P1H¥P2 ywhere

(7)- (08 ) ()

and (9, Yo, z0) are defined by Exp(f, c,t) = e*0Ferop1tyorz,
3.3.4. The conjugate locus. With arguments similar to those of section 3.1.3,
one checks that g = Exp(0, ¢, t) is a conjugate point if and only if
Sinh (d) (2Sinh (d) — tv/1 — c2Cosh (d)) =0,  c€ (=1,1),
+1 =, c=+1,
sin (d) (2sin (d) — tv/c® — 1cos (d)) =0, cé[-1,1]
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MAX =<

FiGc. 7. k ® p problem on SU(2): Section of the 2nd conjugate locus.

with d = v1 — 2} when ¢ € (—1,1) and d = V¢ — 1} when ¢ ¢ [-1,1].
The first two equations have only the trivial solution ¢ = 0. The third gives two
series of conjugate times as follows:

(i) first series: to,—1 = \/257%1’ to which correspond the conjugate loci 012(;1_1 =

X\ 1d;
(ii) second series: to, = \/2092”%1, where {z1,x9,...} is the ordered set of the

strictly positive solutions of z = tan(z), to which correspond the conjugate loci

c2n — afi(et)  afy(ct) c€R,
i apy(c,t) afyle,t) )| 6 €R/2m

with
s (cvt) = cos(a ) cos(in) + S (cos () + i ().
af(ert) = cosn)sinfy) + ) (sin () — ccos (1),
ay (¢, t) = — cos(xy,) sin(y,) + % (sin (6) + ccos (yn)) ,
afy(c,t) = cos(xy,) cos(yn) + iZZ(ii (—cos (6) + esin (yn)) ,
where y,, = \/%

Remark 11. Notice that not all geodesics have conjugate points. Indeed, Exp(6, ¢, -)
has a conjugate point if and only if ¢ € (—oo, —1) U (1, +00).

We present an image of the 2nd conjugate locus (Figure 7). For simplicity we
present an image of its intersection with {ekea”l la € R}. The complete picture can
be recovered using the cylindrical symmetry.

Remark 12. Notice that all even conjugate loci have self-intersection.

4. A sub-Riemannian structure on lens spaces.

4.1. Definition of L(p,q). Fix two coprime integers p,q € Z, p,q # 0. The
lens space L(p, q) is defined as the quotient of SU(2) with respect to the identification
rule

O IO if 3 w € C pth root of unity such that
B B2

(5)=(5 &)(5):
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Lens spaces are three-dimensional compact manifolds, but, except for L(2,1) ~ SO(3),
they are neither Lie groups nor homogeneous spaces of SU(2). The following topo-
logical equivalences hold: V p,q,k € Z, p,q coprime, p,q # 0, we have L(p,q) ~
L(p,—q) ~ L(—p,q) =~ L(p,q + kp). Lens spaces have highly nontrivial topology; for
details we refer the reader to [25].
The following theorem permits us to choose a representative of L(p, q) in SU(2).
ProproSITION 8. Consider the set

2
Im (o) s +HIBP <13 CSU@?2)

sin (%)
and define OE;" = dE, N {Im (a) > 0}, OE, = 0E, N {Im () < 0}. Endow E, with

the equivalence relation = defined as follows:
1. The relation is reflexive;

2. moreover, given ( gi ) € OE} and ( g: ) € 0E,,
(5 )7 )

(i) either Im (o) = —Im (™) # 0 and B+ = ™2 37; or

(ii) Tm (o) =Im(a™) =0 and B+ = e*™%5 3~ for somen € {1,...,p}.
The manifold E, /- is diffeomorphic to L(p, q).

Proof. Take ( g ) € SU(2) and let us look for w pth root of unity such that

( r ) € E,. This condition is equivalent to

E,= < g > € SU(2)| Re (@) > 0,

N
we have ( g+ ) -

I 2
(13) Re (wa) > 0 and M + wip)? < 1.
sin (%)

Recalling that [w98]? = |3|?> = 1 — |a|? and that Im (wa) = |a| sin(arg(wa)) if o # 0,
we see that (13) is equivalent to

T
(14) arg (wa) € [, } or a=0.
pp
Thus,
(i) if @ # 0, there exists at least one solution w; of arg(wa) € [—%,%].
Moreover, we have two distinct solutions wy,ws if and only if arg (w1a) = —% and

arg (wza) = 7. In this case,
( wio ) _ ( lale ™% ) and ( wox ) _ ( laje’s )
wi wif w33 wyB )’
( wix ) . ( wWax >
wig ) "\ wig )
0

(ii) if & = 0, every w pth root of unity satisfies ( Wi ) € E,; observe that for

(w?ﬂ)+(wgﬁ>'

observe that

all the pairs wy,ws we have
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Hence V ( 3 ) € SU(2) we have a unique
wa -
(5], <=

. Lp,q) =SU(2)/~ — Ep/=,
) - )]
is bijective. 0O

Remark 13. A crucial observation for what follows is that the projection

i.e., the function

SU(2)

—
g g

- L(p. q),
l9]
is a local diffeomorphism. Moreover, M, : Ep— L(p, )\ [0E}) is a diffeomorphism.
In particular, E, contains only one representative for each equivalence classes of
L(p,q); i.e., if g,h € E, and [g] = [h], then g = h.

Remark 14. Proposition 8 provides a picture of L(p, q); recall that SU(2) is drawn
as two balls in R? (see section 3.1.2). Hence E, C SU(2) is drawn as a closed ellipsoid
inside one of the two balls, via the map

E, —  B1(0) C R3,
P «
< 3 ) = (Re(B),Im(3),Im (a)).

The picture of E,, is

[ 2
Fp: ($17$2,$3)€Bl(0) |TE%+CE§+L<1 ’

2
sin ( 3)
P
and the one of E, is F},; see Figure 8 (left). The identification <+ induces the following

identification on Fy: given (¢, 23,23 ) € OF, = 0F, N {x3 > 0} and (z],2;,25) €
OF, = 0F, N {x3 < 0}, they are identified when

+ . —_
- x7 \ _ [ cos(f) —sin(6) x]
T3 =~y and ( Ty ) - ( sin(9)  cos(9) x5
with 6 = 2%; see Figure 8 (right). B
Remark 15. Observe that the identification rule on F'), gives a 1-to-1 identifica-

tion between 0F, N {x3 > 0} and 9F, N {x3 < 0}, while there are, in general, more
identified points on {z? + 23 = 1} N {z3 = 0}; see Figure 9.

4.2. Sub-Riemannian quotient structure on L(p,q).

PROPOSITION 9. The sub-Riemannian structure on SU(2) given in section 3.1
induces a 2-dim sub-Riemannian structure on L(p,q) = SU(2)/~ wvia the quotient
map

T —  [z];
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Full ellipsis

Identified points

FIG. 8. Left: F4. Right: the representation of L(4,1), with some examples of the identification
rule.

e S
s )
L\\ e

— e

Fic. 9. L(4,1): some examples of the identification rule on {z% + x% = 1} N {xzs = 0}.

i.e.,
(i) the map

A [g] = L (A(R)) C Tig L(p, q) with h € [g]

is a 2-dim smooth distribution on L(p,q) that is Lie bracket generating;
(i) &lg) (ve, ws) = (Ve wa)g) := (v, w)n with b € [g], v,w € TpSU(2), Mi(v) =
Vi, e (w) = wy s a smooth positive definite scalar product on A.
Proof. The role of the maps II and H*| is illustrated in Figure 10.
The map II is a local dlffeomorphlsm thus I, TeSU(2) — TigL(p,q) is a
linear isomorphism, and hence H*‘g (A(g)) is a 2-dim subspace of Tjg L(p, q)-
The following two statements are consequences of Lemma 10, presented below:
(i) the distribution A([g]) is well defined; i.e., ¥ hy, ho € [g] we have
IL,, (A(h1)) =L, (A(h2)).
1 2
(ii) The positive definite scalar product (v.,w.)[g) is well defined; i.e., ¥ hy, ho €
9], vi,w1 € Ty, SU(2), v2, w2 € T),SU(2) such that IL (1)1) = II, (v2) and
2
l_I*Ih1 (w1) = H*|h2 (we), we have (v, w1)p, = <v2,w2>h2
LEMMA 10. Let hy, ho € [g] with hy = ( Wi ) . The map

p —

ni Re (w?™1) —Im wq 1 0 n1
my — Im qu 1 Re wq 1 0 mq
0 0
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L.,
T,5U(2) — Tjq L(p, q)

| |

II
SU(2) ————= L(p, q).
F1c. 10. The role of the maps I1 and Il..

is bijective. Moreover, it is an isometry with respect to the positive definite scalar
product { , ) and satisfies, V 1 € p,

d

tn _i
dt|iy [ne®] =

{hzeww)} _

[t=0

Proof. Let h = ( b ) € SU(2) and n = (n,m,0) € p. We have

(15)

hetn — acos(\/mé)—bsin(\/m%)\/%
bcos(\/m%)+asin(\/m%)\/% .

Take hy, ha € [g] with he = ( p woq )hl and 71,72 € p with coordinates n; =

(n1,m1,0) and 72 = (n2, ms,0). Consider the trajectories

2 21 : 21 ni—imi
a cos (\/n +m 7) — bsin (\/n +m 7) UL
[h etm] _ 1 12 1 12)  /n2+m3?
! bcos (\/nQ—i—in)—i—asin («/nQ—&-mzﬁ)Lim1
1 12 1 12 /n%_,’_mf
and
wa cos (\/ng + m%%) — wibsin (\/ng + m%%) e
[h2€tn2] = nytms
ap, ( 7y 23>+ . ( 7 21) natimsg
wibcos [ v/n5 +m wasin [ /n5 +m
i 2 292 2 29 /ng+m§
2 2t _  g—1p 2 2t | no—imo
acos( n2+m22> w bsm(\/anLm22 2
_ ns+ms
b cos («/n% + m%%) + wl % sin (\/ng + m%% ”2;”’”22
L ns+ms
Thus 4 hietm] = & [hee!™] in the case
dt't:(][ 1 ] dtlt:()[ 2 ]

2 2_ .2 2
ny +mi = nj + msj,
n1 —imy = wi 1 (ny — imsy),

n1 +imy = w9 (ng + imsy),

that is equivalent to wqfl(nl + im1) = ng + img. This equation is verified for 7y =

¢(m). O
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Since IT is a local diffeomorphism, V g € SU(2) 3 B(g) such that the map II

Mgy
Trg)SU(2) — Tp(g)L(p,q) is a diffeomorphism, and thus A is smooth and Lie
bracket generating, and (v, wx)[g) is smooth as a function of [g]. d

Proposition 9 implies that the sub-Riemannian structures on SU(2) and L(p, q)
defined above are locally isometric via the map II. As a consequence, the geodesics
of (L(p,q), A, g) are the projection of geodesics of (SU(2), A, g). The conjugate locus
for L(p, q) can be obtained from that of SU(2) by the projection II.

Remark 16. One can check that the sub-Riemannian structure induced by SU(2)
on L(2,1) ~ SO(3) is equivalent to the k & p sub-Riemannian structure on SO(3)
defined in section 3.2.

5. Cut loci and distances. In this section we prove the main theorems of the
paper; i.e., we compute cut loci for SU(2), SO(3), lens spaces, and SL(2), and we
prove the formula (3) for the sub-Riemannian distance on SU(2).

Recall that our problems satisfy the following assumptions:

(i) Each point of M is reached by an optimal geodesic starting from Id; see
section 2.3;

(ii) we are in the three-dimensional contact case, and thus there are no abnormal
minimizers. Hence Remark 4 applies.

PROPOSITION 11. Let T(0,¢) be the cut time for Exp(0,c¢,-) (possibly +oo if
Exp(6,c,-) is optimal on [0,+00)). Define

D= {(Q,C,t) € Ag x RT | 0<t<T(9,C)}

and M'" = M\ (Kiq UId). The function Exp|, : D — M’ is a diffeomorphism from D
to M'.

Proof. Let us first check that Exp(D) C M’. By contradiction, let Exp(6,¢,t) €
M\M'; thus t =0 or t = T'(0, ¢) or Exp(f, ¢, -) is not optimal in [0,¢], i.e., t > T'(6, c).
This is a contradiction. Let us verify that Exp, is injective; by contradiction, let
EXp(al,Cl,tl) = EXp(ag,CQ,tQ) with (91,Cl,t1) 7é (92,62,2&2). If tl 7é t27 one of the
two geodesics Exp(01,¢1,-), Exp(f2, co, ) has already lost optimality, and thus ¢; >
T(60;,c;); hence (0;,¢;,t;) & D, a contradiction. If ¢; = to, we have that Exp(61,c1,t1)
is a cut point, and hence t; > T(61,¢1), a contradiction. To verify that Exp,,, is
surjective, take g € M’ and observe that there is an optimal geodesic Exp(f,c,-)
reaching it at time ¢t < T'(0,¢). But t = T'(0, ¢) implies g € Kiq; thus t < T(0,¢).

The smoothness of Exp|, and of its inverse follows from the facts that Exp is
a local diffeomorphism outside the critical points (i.e., points where the differential
of Exp is not of full rank) and that the critical points do not belong to D. Indeed,
by contradiction, let (0, ¢,t) € D be a critical point, and hence t is a conjugate time
as follows: it is either the first conjugate time that coincides with the cut time (i.e.,
t =T(0,c)) or a greater conjugate time (i.e., ¢ > T'(6,¢)). In both cases (0,c¢,t) € D,
a contradiction. O

5.1. The cut locus for SU (2).
THEOREM 12. The cut locus for the k @ p problem on SU(2) is

K = ek\Id = {eCk | c€(0,4m)}.
Proof. Let

geek\Id{<g> |aeC, |o =1, 047&1},
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and let Exp(0, ¢, -) be the minimizing geodesic steering Id to g in time T'. As a conse-
quence of the cylindrical symmetry, we have that Exp(v,¢,T) =g V ¢ € R/27; thus

(ek\ld) C Kiq.
The core of the proof is to show that there are no cut points outside X Recall
the expression of geodesics given in section 3.1.1. By contradiction, assume that g €
SU(2 )\ek is reached by two different optimal trajectories Exp(#, ¢, -) and Exp(¢,d, )

at time T. Observe that Exp(6, ¢, \/1172) and Exp(v,d, \/7) S ek C Kiq; thus
2w 2w

16 0 < T < min , .

(16) {\/1+02 \/1+d2}

Observe that Exp(6,¢,T) = Exp(¢,d,T) implies that |5] is equal in the two cases,
ie.,

(17) sin(¥Y-=t<L 1'502T) B sin (Y HédgT)

From this equation it follows that |c¢| = |d|. Indeed (17) is equivalent to
) a5

sin(
Vite2T  /1+dT
2 2

From the facts that YLt HCQT e 1+d2T € (0,7) and that the function Si% is injective

for p € (0,7), it follows that MT ‘/HTT , and hence |c| = |d|.
Thus we consider the followmg two cases
(i) ¢ = d € R: the cylindrical symmetry implies that either 6 = ¢ (so the two
geodesics coincide) or g € ¢X. This is a contradiction.
(ii) ¢ = —d € R\ {0}: with no loss of generality we assume ¢ > 0. Since by the
central and cylindrical symmetries, we have

a

(6%
EXp(¢7—C,t) = ( ei(w.;.g_arg(@))ﬁ ) ,  where Exp(ﬁ,c, t) = ( 3 > ,

Exp(0, ¢, t) = Exp(¢), —c¢, t) implies Im (o) = 0. Hence
t V1 2t t V1 2t
(18) ccos (;) sin (;rc> =14 %sin (;) cos (;m) .

The terms c, sin(v 1? t) V14 c2, sm(‘;) are nonzero because of (16) and ¢ <
V1+ 2. Thus cos(%) = 0 if and only if cos(VHZ‘CZt)

/ 2
1—£ct<ﬂ,

= 0, which is impossible

because 0 < & < . Hence we rewrite (18) as

ViFcit
tan (71“ ) ct
2 _ tan ( 3 )
1+c2t ct
7 2

and state that (0,tan(0)), (%,tan (%)), (VI;C%,tan(”?%)) are three distinct
points aligned on the graph of the function tan in [0, 7), which is impossible. This is
a contradiction. |

The cut locus for the k@ p sub-Riemannian manifold SU(2) is given in Figure 11.
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Identified points

Identified points

F1G. 11. The cut locus for the k @ p sub-Riemannian manifold SU(2).

5.1.1. The sub-Riemannian distance in SU(2). In this section we compute
the sub-Riemannian distance on SU(2), i.e., we prove Theorem 2.

Let
B a B eiarg(a) k
o= (0) (707 )=

g is reached by a geodesic Exp(0,c,-) at time —2Z

for some ¢ € R. Observe that

i
2m 42
(19) Exp (9,0, 1—|—62> = Exp (97 + - 1,t>
_ | —cos ( 2 — t:) Fisin ( T2 — f) _ ei(wi@)
0 0

Thus the distance d(g,1d) is the smallest ¢ > 0 such that ei(”i\/wzf%) = etars(@)
whose solution is ¢t = 2y/arg (o) (2 — arg (a)), where arg (a) is chosen in [0, 27].

Let g = ( g ) € SU(2)\ek. Applying Proposition 11, we have that Expl_D1 (g) is

well defined on D = {(9,0, HeAg xR |0<t< \/1217} Thus the sub-Rieman-

nian distance of g from the origin is d(g, Id) = t, where t is the third component of
Expl;l(g)7 i.e., the unique solution ¢ of Exp(0,c,t) = g with (0,¢,t) € D. Using the

explicit form of Exp given in (3.1.1), one checks that the system

EXp(G,C, t) =9,
0,c,t) €D

is equivalent to

—< + arctan (\/1162 tan ( v 1‘5‘3275)) = arg(a),
Sin(i" 1;C2t>
T Vit  V 1—laf?,

cos(% +0) +isin(§ + 6) = arg(6).
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The third equation has no role in the computation of distance as a consequence of the
cylindrical symmetry.

Remark 17. The distance is a bounded function; this is due to its continuity and
the compactness of SU(2). The farthest point starting from Id is —Id, whose distance
is 2.

Notice that V «, 01, 82 € C,|51]| = |B2|, we have

(5 ))=a(( 5 )m)=a(( 5 ) ).

This is due to the cylindrical and central symmetries.

5.2. The cut locus for SO(3) and lens spaces. In this section we compute
the cut locus for lens spaces L(p,q). As a particular case, we get the cut locus for
SO(3) ~ L(2,1).

THEOREM 13. The cut locus for the sub-Riemannian problem on L(p,q) defined
in section 9 is a stratification

sym loc
Ky = K" U K[
with

2
K" = [0E] = [(g)]m,bec,Re(a)zO,Im(ﬂ)2+|ﬁl2—1 :

sin (£

Q

—
iS]
~

Kfﬁﬁ:[ek]\[ld}:{K 5 ﬂ |a6(C,|04|:1,ap7é1}.

Proof. Let us first prove the following lemma.

LEMMA 14. A geodesic v(-) in L(p,q) steering [Id] to [g] in minimum time T
admits a unique lift yo(-) in SU(2) starting from Id.

Moreover, vo(t) = Exp(o, co,t) ¥V t € [0,T)] for some 6y € R/2w, ¢ € R.

Proof. Take «(-) as in the hypotheses. Since L(p, q) and SU(2) are locally diffeo-
morphic via II, there is a unique lift vo(-) in SU(2) starting from Id; i.e., v0(0) = Id
and [y0(8)] = 1(t) ¥t € [0,T].

Let us prove that ~o(+) is an optimal trajectory reaching vo(7'). By contradiction,
there exists a trajectory 71(-) such that v (t1) = 7 (T) with ¢t; < T. Hence, its
projection [v1(+)] satisfies [y1(t1)] = [g] with t; < T, a contradiction.

Since 7o(+) is an optimal trajectory, it is a geodesic of SU(2), and there exist
6 € R/2m, ¢ € R such that vo(t) = Exp(o, co,t) V¢t €[0,T]. O

Let us prove that K[lfcf] C Kjiq)- Consider [g] € K [llo(ﬁ, a geodesic steering [Id]
to [g] in minimum time T with unique lift Exp(6o, co, ). By the definition of K [lf’d‘:],

we have Exp(6y, co,T) € ek\Id C SU(2); i.e., Exp(fo, co, T) lies in the cut locus for
the sub-Riemannian problem on SU(2). Thus there exists another optimal geodesic
Exp(61,c1,-) defined in [0,7] such that Exp(61,c1,T) = Exp(6o,co,T) € [g]. Thus
the geodesic [Exp(61,c1, )] reaches [¢g] in minimum time. The geodesics in SU(2) are
distinct in a neighborhood of Id, so their projections in a neighborhood of [Id] are
distinct as well.
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Let us now prove that K [sfjﬁ" C K[ia)- Consider [g] € K [SI%”, a geodesic steering [Id]
to [g] in minimum time 7" with unique lift Exp (6o, co, -); call Exp(fo, o, T) = ( g ) €

[g]. If B =0, we have [g] € K[lfdcl or [g] = [Id], so assume (3 # 0. Due to the cylindrical
and central symmetries, we have

o
Exp(0o + 1, —co, T) = ( ezi(eo—arg(ﬁ))+wﬂ ) :

Consider ¢)* € R/27 being a solution of e2i(Po—are(B)+iv™ — 275 anq ¢~ € R/2r

being a solution of e2i(fo—are(B)+iv™ — =27y 1f Exp(fo,co, T) € OE,, we have
[EXp(QO +’(/}+7_CO7T)] = [EXp(eo,Co,T)] = [g]v if EXp(QOaCOaT) € aEp_a we have

similarly [Exp(6o + ¥ ~, —co, T')] = [Exp(6o, co, T)] = [g]. If c¢o # 0, we have found two
distinct trajectories reaching [g] in optimal time; if ¢y = 0, we have Exp(6p,co,T’) €
OE} NOE, , and thus at least one of ¢* and ¢~ is not null, so at least one of
Exp(6o+47T,0,-) and Exp(6p+1 7,0, -) is distinct from Exp(fg, 0, -) in a neighborhood
of 1d, as are their projections in a neighborhood of [Id].

Finally, consider [g] € L(p, q)\ (K [ll"(f] UK [SIZT U [Id]) and assume by contradiction
that there exist two distinct geodesics steering [Id] to [¢g] in minimum time 7" with
distinct lifts Exp(fo, o, -), Exp(61,c1,-). There are two possibilities as follows:

(i) Exp(fo,co,T) = Exp(#1,c1,T). In this case, Exp(o, co, T') lies in the cut lo-
cus for the sub-Riemannian problem on SU(2), and hence [g] € K [ll"dc]7 a contradiction.

(ii) Exp(0g,co,T) # Exp(61,c1,T). Since by hypothesis [g] & K[SIZT, we have
Exp(0o, co,T),Exp(61,c1,T) & OE,. Recall that, if [Exp(fo,co,T)] = [Exp(bo, co, T)]
and Exp(6, co,T),Exp(61,¢1,T) € E,, then Exp(6y,co,T) = Exp(61,¢1,T), due to
Remark 13. Thus we have that Exp(6;,¢;,T) € SU(2)\E, for i = 0 or i = 1. We
assume without loss of generality that Exp(6o,co,T) € SU(2)\E,; thus the geodesic
Exp(6, co, t) with t € [0, 7] steers Id € E,, to Exp(y, co,T) € SU(2)\E,, and hence
3t € (0,T) such that Exp(6y, ¢, ) € OE,. Then we have that vo(f) = [Exp(6o, co,?)] €

K ﬁ%”, and thus vy () is no more optimal for ¢ € [0, 7], a contradiction. O
Remark 18. Notice that K [llo(;:] is a manifold (a circle without a point), while K [SIZ?L

is not in general. Indeed, it is an orbifold. It can be seen as $? C R3 with the following
identification: (z],23,23) € S? N {w3 >0} and (7,25 ,735) € S? N {x3 <0} are
identified when x4 = —2; and

zF \ [ cos(f) —sin(0) xy
( ry ) - ( sin(f)  cos(6) ) ( x5 >
with 6 = 2;%(1. In the case SO(3) ~ L(2,1), we have that K[Slfﬁn = RP? (see Figure 12
(left)), while in the other cases it is not locally Euclidean; in fact, take a neighborhood
of a point P on the equator and observe that it is topologically equivalent to a set of
p half-planes with a common line as the boundary.

Next we give an idea of the topology of the cut locus for L(4,1). Consider
the space Ty made by the two intersecting strips {(a,b,0) € R* | a,b € [-1,1]} and
{(a,O,b) eR3 |a,be[-1, 1]} with the following identification: (—1,6,0) ~ (1,0,b)
and (—1,0,b) ~ (1,—b,0). The boundary of this set is topologically a circle S*. Con-

sider now a two-dimensional semisphere T5. The cut locus K [S'IZT is topologically equiv-

alent to the space given by gluing Ty and Ty along their boundaries S*. The cut locus
Kiq) is given by gluing K [SI%” with a circle S' along a point on T, and then removing
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(1d]

Identified boundaries S’
Y

S* with antipodal identification
~ RP?

Fic. 12. Left: The cut locus for the sub-Riemannian problem on SO(3). Right: The cut locus
for the sub-Riemannian problem on L(4,1).

a point on S! (the starting point). See a picture of it in Figure 12 (right).
5.3. The cut locus for SL(2).
THEOREM 15. The cut locus for the k @ p problem on SL(2) is a stratification
K = K™ U Ki5°
with
K™ = e*™heP = {g€SL2)|g= g', Trg < 0},
Klge = ek\Id = {( cos(a) - —sin(a) ) |a € R/2m, o0 # O} .

)
sin(e)  cos(«)

Proof. Let us first prove that Ki9¢ C Kiq. Let g € K \ Id; it is reached optimally
by a geodesic Exp(f,¢,-) at time T. Due to the cylindrical symmetry, we have g =
Exp(¢,¢,T) V ¢ € R/27; thus g € Kig.

Let us now prove that K;}™ C Kiq. Let g = e?™Fe®oPrtuorz ¢ ¢2mFeP; it is reached
optimally by a geodesic Exp(0, ¢, ) at time T'. If 23 +y2 = 0, we have g = ™" € K13,
thus it is a cut point. If 22 + 43 # 0, due to the cylindrical and central symmetry, we
have Exp(6 + ¢, —c, T) = e~ 2™Fe™P14yP2 with

(3)=(56m =) (3),
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Choose v in such a way that 9+% is the angle on the plane of the line passing through
(0,0) and (o, o). In this way we have ( ;) = ( ;7 ). Observing that e?™* = ¢*7*,
we finally have that g = Exp(6,¢,T) = Exp(0 +, —c, T). Observe that ¢ # 0 because
Exp(0,0,-) € eP; thus the two geodesics Exp(@, c,-), Exp(f + v, —c,-) are distinct.

We now prove that there is no cut point outside Kpi" U K[9°. By contradiction,
let g € SL(2)\ (Kii™ U Ki5° UId) be reached by two optimal trajectories Exp(6, c, -)
and Exp(¢,d, ) at time 7. Writing

_ 911(9707 t) 912(6a87 t)
Exp(6,c,1) = ( g21(0,¢,t)  g22(0,¢,t) )’

we have
r(c,t) == /(911 — 922)% + (g12 + g21)2
inh(v/1—c2%
%7 ce(-1,1),
Vie?
(20) = tv cE {_171}7
sin( Ve 1) ¢ € (—o0,—1) U (1, +00)
21 ) ) ) .

The identity Exp(6,¢,T) = Exp(¢,d,T) implies r(¢,T) = r(d,T), which implies
c? = d?. Indeed, observe that in the three cases described in (20) we have, respectively,
r(e,t) > t, r(c,t) = t, r(c,t) < t; thus ¢,d € (=1,1) or ¢,d € {—1,1} or ¢,d €
(=00, —1) U (1, 400). In each of the three cases, the identity r(c,T) = r(d,T) implies
c? = d2. Indeed we have the following three cases.
Case ¢,d € (—1,1). In this case the conclusion follows from the fact that SinTh(p) is
injective for p € (0, 4+00).
Case c¢,d € {—1,1}. This case is straightforward.
Case ¢,d € (—o0,—1) U (1,400). Let us prove first that @ € (0, 7). By contra-
diction, assume @ > . There exists t € (0,7 such that @ =0;
hence r(c,t) = 0, from which it follows that Exp(0,¢,t) € K,
Hence either ¢ < T (and Exp(6, ¢, -) is not optimal on [0, T'], a contradiction) or
t=T (and g € K{3°UId, a contradiction). Similarly we prove that 7“#27” €
(0,7).
Now observe that r(c,T) = r(d, T) implies

sin (V2 —1Z)  sin(vVd?2 —1%)

21T B V21T
2 2

Recalling that Si;p is injective for p € (0,7), we have ¥ CQ;lT = X d22_1T;

hence ¢? = d?.
We have the following two cases:
(i) ¢=d € R. The identity ¢11(0,¢,T) = g11(¢, ¢, T) implies either § = ¢ (i.e.,
the geodesics coincide) or ¢ € (—o0, —1) U (1,400), and thus sin (V2 —1%) =0, i.e.,
exp(d,¢,T) € ek; hence either g =1Id or g € Kllgc, a contradiction.
(ii) ¢ = —d € R\ {0}. Writing g = e*FemoP1t¥Pz we have Exp(v), —c,T) =
e~ #kerP1tyr2  The identity Exp(,c,T) = Exp(¢), —c,T) and the uniqueness of the
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T Identified planes
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F1G. 13. The cut locus for the k @ p sub-Riemannian manifold SL(2).

decomposition from section 3.3.2 imply e** = +£Id. Thus g is symmetric, i.e.,

912(0,¢,T) = g21(0, ¢, T).
If ¢ € (—1,1) this equation implies

tan (c%) Tanh (\/1 — 02%)
L -2
2 2

Choosing ¢ > 0, observe that the first positive solution 73 of the equation

tan (c%) B Tanh (\/1 - 02%)
I T VIeh

satisfies 71 € (77,3%). The other cases, ¢ € {—1,1} and ¢ € (—o0,—1) U (1, 4+00), are
treated similarly and lead to T; € (71', 3%)

Thus cos (c%) < 0, and hence Tr(g) < 0. But Exp(0,c¢,T1) symmetric and
Tr(g) < 0 implies Exp(0,¢,T1) € K{{™; i.e., T is a cut time. Thus either T = T}
(meaning that Exp(0, ¢, t) € K{{™) or T > T; and Exp(0, ¢, -) is not optimal in [0, T7,
a contradiction. 0

We give a picture of the cut locus for the k @ p sub-Riemannian manifold SL(2)

in Figure 13.
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